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Abstract. Range searching, a fundamental problem in numerous applications
areas, has been widely studied in computational geometry and spatial databases.
Given a set of geometric objects, a typical range query asks for reporting all the
objects that intersect a query object. However in many applications, including
databases and network routing, input objects are partitioned into categories and
a query asks for reporting the set of categories of objects that intersect a query
object. Moreover in many such applications, objects lie on a grid. We abstract
the category of an object by associating a color with each object. In this paper,
we present efficient data structures for solving the colored range-searching and
colored point-enclosure problem @h x U grid. Our data structures use near-
linear space and answer a queryiflog log U + k) time, wherek is the output

size. As far as we know, this is the first result on colored range-searching for
objects lying on a grid.

1 Introduction

We are given a set of geometric objects — points, lines, polygons — to preprocess. Given
a query object, theange searchingroblem is to return the intersection of the query
with the given set of objects. In the past few decades, range searching has been exten-
sively studied. See [1, 16] for recent surveys. The fascination with range searching is
because it has myriad applications in areas of database retrieval, computer aided de-
sign/manufacturing, graphics, geographic information systems, etc. Specifically, range
querying is exceedingly common in database systems (Who are the students with GPAs
greater than 3.8? Name the customers whose ag€28 in 40] and whose income is
in greater thari00%?). Every commercial database system in the market has optimized
data structures for solving various range searching problems. Thus, range searching
data structures remain one of the few data structures that actually get used in practice at
commercial scale.

In this paper, we study an extension to the basic range searching problem. Our
motivation arose from database applications where we observed that range searching
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amid objects are common, but what was highly prevalent was range searching in which
the objects have categories and the query often calls for determining the (distinct) list
of categories on the objects that intersected the query object. Here are two examples:

() A canonical example is an analyst who is interested in “What are the sectors (tele-
com, biotech, automobile, oil, energy, ..) that Had 10% increase in their stock
value?”. Here each stock has a category that is the industry sector it belongs to, and
we consider a range of percentage increase in the stock value. We are required to
report all the distinct sectors that have had one or more of their stocks in desired
range of growth, and not the specific stocks themselves. This is one-dimensional
range searching in categorical data.

(i) As another example, consider a database of IP packets sent through an Internet
router over time. IP packets have addresses, and organizations get assigned a con-
tiguous range of IP addresses that are called subnets (eg., all hosts within Rutgers
Univ, all hosts withinuunet , are distinct examples of subnets, and all IP addressed
within a subnet share a long common prefix). An analyst of the IP traffic may ask
“Between time 10 AM and 11 AM today, which are the subnets to which traffic
went fromuunet through the given router?”. Here thenet specifies a range of
IP addresses and time specifies an orthogonal range, and each IP packet that falls
within the cross-product of these two ranges falls into a category based on the sub-
net of the destination of the packet. This is an example of a two-dimensional range
searching in categorical data.

Thus range searching (in all dimensions) in categorical data is highly prevalent in
database queries. Range searching in categorical data also arises in document retrieval
problems [15] and in indexing multidimensional strings [11].

The range-searching problem in categorical data, as they arise in database applica-
tions, have the following common characteristics. First, the points (and endpoints of
objects) are on a grid (eg., IP addresses are 32 bit integers and time, stock prices etc.
are typically rounded). Second, while it is important to optimize the preprocessing time
and space, query time is very critical. In data analysis applications, response time to a
query must be highly optimized. Third, often the number of categories is very large (for
example, in the router traffic example above, the number of subnets is in thousands).
Finally, the dataset may be clustered along one of the dimensions or in a category, and
hence, an efficient algorithm cannot afford to retrieve all points in the given range and
search through them to find the distinct categories they belong to; the output set may
be far smaller than the set of all points in the range. In other words, the naive algorithm
of doing a classical range query first and followed by selecting distinct categories form
the answer set will be inefficient.

In this paper, we study two very basic problems in range searching in categorical
data, keeping the above characteristics in mind. The points (and end points of rect-
angles) come from an integer grid. We study the range-searching and point-enclosure
problems. We present highly efficient algorithms for both problems, in particular, the
query time isO(log log U') whereU is the grid size.

! Flip Korn of AT&T Research clarified that in classical database language, this may be thought
of as GROUP BY based on the category of the stock following a range SELECT. Therefore,
this is of fundamental interest in databases.



1.1 Problems

In abstraction, the problems of our interest are as follows. The notion of the category
associated with an object is abstracted axtiier associated with it.

1. Colored range searchingVe are givenP, a set ofn colored points iff0, U]?, for
preprocessing. Given a query rectangi@hose endpoints lie on the grid, U]?,
the problem is to output the set distinctcolors of points contained i

2. Colored point enclosure probleriiVe are givenP, a set ofn colored rectangles
whose endpoints lie on the grid, U]?, for preprocessing. Given a query point
q = [q1,¢2], whereq;, g2 € [0,U], the problem is to output the set dfstinct
colors of rectangles that contajn

The problems above are stated in two dimensions, and for most part of the paper, we
focus on the two dimensional case. However, our approach gives best-known bounds
for higher dimensional cases as well, and they are detailed in Section 4.

Typically, the data structure results on the grid are interpreted under the assumption
thatU is polynomial inn. In our problem[J is indeed polynomial im since the inputis
static and we can renumber the points and corners into an integer set bf siZ&(n);
any query point will first get mapped into tiEn) range using a predecessor query (this
is a standard trick, taking tim@(log log U')) and then the query processing begins. As
aresultU = O(n), provided we are willing to hav®(log log U) additive term in the
preprocessing of the query. We refer to this techniqumpist mappingn the rest of
the discussion.

1.2 Our Results

We present data structures for both problems that are highly optimized for query pro-
cessing.

Colored range searchingWe construct ar0(n log® U) sized data structure that an-
swers colored range searching querie®iiog log U + k) time, wherek is the output
size.

Previously known result for this problem did not use the grid properties and pro-
duced a data structure that ugeg: log” n) size and answers a query@(logn + k)
time [14, 13]. Previous algorithms that work on the grid only studied the classical range
searching problem and produce@én log® n) size data structure with (log log U + k)
query time [3]; the query time of such a data structure for colored range searching can
be arbitrarily bad.

Colored point enclosureFor any integer parametérwe can construct a
O(nf?log; U)-size data structure that can answer a colored point enclosure queries in
O(klog, U) time, wherek is the output size.

We can obtain a space-time tradeoff for our data structure by choosing appropri-
ate values for. For example, setting = U* and using the input mapping, we get
a data structure of)(n'*¢)-size that can answer colored point enclosure queries in



O(k + loglog U) time wherek is the output size. Most of the previous results make an
additional assumption thaf = O(n°¢) for some constant. If we make this assump-
tion, the query time reduces &(k). Note that thdog log U term in the query is due to
input mapping, which is not requiredlif = O(n°). This result, surprisingly, matches

the best known bound for what appears to be a simpler problem of point enclosure
problem on the grid without considering the colors, i.e., the standard point enclosure
problem [10]. Other previous results for the colored point enclosure problem do not
assume an underlying grid and produce a data structure thabgsésg n) space and
answers queries i@ (logn + k) time [13].

1.3 Technical Overview of Our Results

We use contrasting techniques to obtain the two results.

For the range searching problem, best-known results typically use recursive divide
and conquer on one dimension after another [4-6]. We start with a one dimensional re-
sult. There are at least three known solutions [14, 13, 15] for the colored range searching
problem in one dimension. We use their intuition but present yet another solution which,
in contrast to the others, we are able to make dynamic as well as persistent. Then we
use a sweep-line approach to obtain our resutfin(rather than the recursive divide
and conquer).

For the point-enclosure problem, the previously known approach [10] relies on
building a one dimensional data structure using exponential trees and then extending
it to two dimensions by dynamizing and making it persistent. We build the desired
one dimensional data structure efficiently for colored point enclosure (this may be of
independent interest), but then generalize it to two dimensions directly to obtain two-
dimensional exponential trees. This gives us our bound for the colored point enclosure
problem.

In Section 2, we present our results for colored range searching in two dimensions.
In Section 3, we present our results for colored point enclosure in two dimensions. In
Section 4, we present extensions to higher dimensions.

2 Colored Range Searching in 2D

In this section, we describe a data structure to solve the colored range-searching prob-
lemonU x U grid. In Section 2.1, we present a structure to answet t#fiienensional
colored range query. In Section 2.2 we extend the data structure to answer two dimen-
sional colored range queries. The main idea of the extension is as follows. We make the
1-dimensional structure partially persistent and use the sweep-line paradigm to answer
three-sided queries. We then extend this structure to answer four-sided range queries.

2.1 Colored Range Searching in.D

Let P be a set of: colored points iff0, U]. Let C denote the set of distinct colors in the
point setP. We first solve the colored range-searching problem for the special case of



semi-infinite query; i.e, ¢ = [g1, oo]. For each coloe € C, we pick the poinp, € P

with color ¢ having the maximum value. Lét™®* denote the set of all such points. Let

L be the linked list of points irP™%*, sorted in non-increasing order. We can answer
the colored range query by walking along the linked lisintil we reach the value,

and report the colors of the points encountered. It can be shown that there exists a point
[ € P of colorcin intervalq if and only if there exists a unique point € P™** of
colorcinintervalg. We can solve the other case, ier [—o0, ¢2] in a similar manner.

We now build a data structure to answer a general colored range geefy; , ¢2].
The data structure is a triE [2] built on the values of pointp € P. For each node
v € T, let P, denote the set of points contained in the subtreE ajoted atv. At each
internal nodev, we store a secondary structure, which consists of two semi-infinite
query data structures, andR,, corresponding to the querigg co] and[—o0, g]. Note
that the structures as described above are sorted linked lists on max/min coordinates of
each color inP™* and P™". For each non-root node € T, let B(v) = 0 if v is
a left child of its parent an@(v) = 1if v is a right child of its parent. To efficiently
search in the trid’, we adopt the hash table approach of Overmars [17]. We assign
an indexI,, called node index, for each non-root nade T'. I, is an integer whose
bit representation corresponds to the concatenatidB(af)'s, wherew is in the path
from root tov in T'. Define the level of a node as the length of the path from the root
to v in T. We build a static hash tabld; on the indiced, of all nodesv at levels,
1 <i <logU [12]. We store the pointer to nodec T along withI, in the hash table.
The hash table&; uses linear space and provide§l) worst case lookup. The number
of nodes in the trid" is O(n log U). Since each point € P might be stored at most
once at each level in the lisf3,, L,,, and the height of the tri& is O(log U), the total
size of the secondary structure($n log U). Thus the size of the entire data structure
isO(nlogU).

The trieT can be efficiently constructed level by level in a top down fashion. Ini-
tially, we sort the point seP to get the sorted list of,,,;. Let us suppose we have
constructed the secondary structures at lévell. Let z be a node at leveland letv
andw be the children of in T'. We partition the sorted list of points iR, into sorted
list of points in P, and P,,. We then construct i) (| P,|) time the listsL, andR, at
nodev by scanningP, once. We then construct the hash taHleon indicesl, for all
nodesv in leveli. The total time spent in levélis O(n). Hence the overall time for
constructing the data structure(®n logn + nlogU) = O(nlogU).

Let[q1, g2] be the query interval. Let; (resp.z2) be the leaf off” to which the search
path forq, (resp.¢») leads. We compute the least common ancestof z; andz, in
O(loglog U) time by doing a binary search on the height of the trie [17]«Leindz be
the left and right child ob. All the pointsp € [¢1, g2] are contained i, or P,. Hence
we perform the queryg:, ¢2] on P,, and P,. Since all points inP,, have value< g-
the queriesq: , ¢=] and[q1, o] on P,, gives the same answer. Similarly, queri@s g-]
and[—o0, g2] on P, gives the same answer. Thus we perform two semi-infinite queries
[q1, 00] and[—o0, ¢2] On P, and P, respectively, and the final output is the union of the
output of the two semi-infinite queries. Each color in the output list is reported at most
twice.



Theorem 1. Let P be a set ofi colored pointsirf0, U]. We can constructi®(n log U)
time, a data structure of siz@(nlogU) so that a colored range searching query can
be answered i©(loglog U + k) time, wherek is the output size.

Remark. The previous best-known result fordimensional colored range query uses
O(n) space and(loglogU + k) query time [15]. Their solution relies on Cartesian
trees and Least Common Ancestors(LCA) structures. While Least Common Ancestor
structures can be dynamized [7], it remains a challenge to make the Cartesian trees
dynamic and persistent. In contrast, dudimensional structure above can be made
dynamic and persistent and hence can be extend2dibmensions using the sweep-

line paradigm, as we show next.

2.2 Colored Range Searching ir2 D

We first consider the case when the quel+&ded i.e.q = [z, 2] X [—00, y2]. Let M
denote thd D data structure described in the previous section. Our approach is to make
M dynamic and partially persistent. Then we use the standard sweep-line approach to
construct a partially persistent extensionMf so that a3-sided range query can be
answered efficiently.

First we describe how to dynamizZd. Note thatM consists of the trid” with
secondary structurk,, R, at each node of 7" and static hash tabld$; on node indices
I, for all nodesv on a given levef. We use the dynamic hash table of Dietzfelbinger
et al [8] instead of the static hash talfile used in thel D structure. We maintain for
each node, a static hash tabl&/, on the colors of points iP,. We also maintain a
balanced binary search tréd., (resp.TR,) onL, (resp.R,).

To insert a poinp with colore, we insertp in the trieT. We also may have to insert
p in the secondary structurds,, R, for all nodeswv in the root to leaf search path of
pin T. We insertp in L,(resp.R,) if P™% (resp.P") has no points with color,
or if the value ofp is greater (resp. less) than the value of point with celor P*%*
(resp.P™i™). We can check the above condition usig. If the condition is satisfied,
we insertp into L,(resp.R,) in O(logn) time using the binary search tréd., (resp.
TR,). Finally if a new trie nodev is created while inserting into 7', we insert the
index I,, into the appropriate hash tablé;. Since we might insenb in all the nodes
in the root-leaf path op in T, the insert operation cost3(logn log U) time. We do
not require to delete points frod/ since the sweep-line paradigm would only insert
points.

We now describe how to make the above structure partially persistent:

(i) The trie structure is made persistent by using the node copying technique [9] (cre-
ating copies of nodes along the search path)of\Ve number the copies of node
by integersl throughn. Let ¢, denote this copy number of node
(i) We make the listd.,, and R, persistent across various versiongafsing [9].
(iii) We make the hash tabl#;, corresponding to each levebf the trieT’, persistent
by indexing each node using the static index, and the copy numbet;, of node
v, i.e., new index, is bit concatenation of, andc,.



The color hash tablé{, and the binary search tre#4.,, TR, need not be made
persistent since they are not used by the query procedure.

We perform a sweep-line in thery)-direction. Initially the sweep-line is at =
—oo and our data structur® is empty. Whenever the sweep line encounters a point
in P, we insertp in D using the persistent scheme described earlier. When the sweep
line reacheg = oo, we have the required persistent structireNote thatD consists
of D;,1 < i < n, the different versions of the dynami® structure got by inserting
points in the sweep-line process. We also build a Van Embe Boagt[{é8] on the
y-coordinates of.

The node-copying technique [9], used to make thefrignd the lists.,, R, per-
sistent, only introduces a constant space and query time overhead. Thus, the space used
by our persistent data structufeis still O(n log U) and the query time to perform a
1D colored range-searching query on any given vergigof D is O(k) wherek is the
output size.

Let [z, z2] X [—00, y] be a three sided query. We perform a predecessor queyy on
using the Van Embe Boas trgeto locate the correct version of the persistent structure.
This version contains only those pointsBfwhosey-coordinates are at mogt so we
perform al-dimensional query on this version with the interd, 23], as described
in Section 2.1. We locate the splitting nodef x;, z» using the hash tabled; and
then walk along the correct version of the secondary structure, i.e Llist8,. The
predecessor query can be donéiflog log U) time and we can perform thieD query
in O(loglogU + k) time wherek is the number of distinct colors of points contained
in the query.

Theorem 2. Let P be a set ofn colored points in[0, U]?. We can construct a data
structure of size)(nlog U) in O(nlognlogU) time so that we can answer3asided
colored range-searching query (loglog U + k) time, wherek is the output size.

We now extend th8-sided query structure to answer a gendraided query. The
approach is exactly the same as the one in Section 2.1 where we extended a semi-
infinite query structure to a 1D query structure. We build a Tri®n y-coordinates
of P. At each nodey, we store two secondary structur€s and WW,,, which are the
3-sided query structures for point sBf, built as described abov#., corresponds to
the 3-sided queryg = [z1,22] X [y,00] and W, corresponds to th8-sided query
q = [z1,22] X [—00,y]. We also build a hash tablé; for all nodesv of a given level
of the trieT".

The query process is also similar to theimensional query. We locate the splitting
nodev in the search path aof, andy- using the hash tabl#; in constant time. Letw
andz be the left and right son af respectively. We then perform twlsided queries
q = [z1,22] X [y1,00] andg = [z, z2] X [—00,y=2] ON secondary structurés, and
W, respectively. The final output is the union of the output of the semi-infinite queries.
Each color is reported at most four times, at most twice in asided query.

Theorem 3. Let P be a set ofx colored points in[0, U]?. We can construct a data
structure of sizeD(nlog® U) in O(nlognlog® U) time so that we can answer 4
sided colored range-searching queryloglog U + k) time, wherek is the output
size.



3 Colored Point Enclosure in 2D

In this section, we describe a data structure to solve the colored point-enclosure problem
in 2D. We first describe a data structure to solve the probleiinThen we extend
this data structure to answer two dimensional colored point-enclosure queries.

The 1D structure.Let P be a set ok colored intervals whose endpoints lie gnU].
Fix a parametef > 0. Starting with the interval = [0, U], we recursively partition
I into £ equal sized intervals. The recursion stops when an intérgahtains no end-
points of intervals inP. Let T be the tree that corresponds to this recursive divide and
let I, denote the interval corresponding to a neda T'. Let p(v) denote the parent of
vinT. There are at monl leaves inT".

We call an intervap € P shortat a nodev if (at least) one of the endpoints pf
lies insidel,,. We callp longatw if I, C p. At each node € T, we storeC,,, the set
of distinct colors of intervals oP that are long at but short ap(v). Since any interval
p € P is short for at most two nodes (nodesvhere intervall, contains the endpoints
of p) of any given level, the color gf is stored in at mos2¢ nodes of any given level.
Thus,

Z |Cy| < 2nflog, U.

veT

Hence,T requiresO(nflog, U) space. We can adapt the above recursive partition-
ing scheme so that we can compute short and long intervals and thk #&i0(nf)
time at each level. Henc&, can be constructed i (n/ log, U) time.

Let ¢ be a query point. The query procedure searcheg &od visits all nodes in
T in the root-leaf search path gfin T'. At each node, we report all the colorsdf .
Each color can be reported once in each level. Hence, the query tithg isg, U),
wherek is the output size.

We improve the query time t®(log, U + k) using a simple technique. After we
build the data structure as described above, we traverse every root-leaf pattaiting
from the root and perform the following operation. L&t vy, . ..v,, be any root to
leaf path inT'. Starting withi = 1, we recursively calculate’,, = C,, \ C,._, for
1 <i < m. We storeC’, atv. By definition,C,, N C,. = 0,1 <i,j < m,i # j. This
implies that each color is present in at most onedistin any root to leaf path of'.
The above operation can be efficiently performed by travefEimga top-down fashion
level by level. The query time thus reducestlog, U + k), wherek is the output size.

Theorem 4. Let P be a set of: colored intervals whose endpoints lie[ih U]. We can
construct aO(nflog, U) sized data structure i®(nflog, U) time so that a colored
point-enclosure query can be answeredflog, U + k) time wherek is the output
size.

The 2D structure.We now extend the 1D structure to 2D. LBtbe a set ofx col-
ored rectangles whose endpoints lie oi & U grid. The data structure is similar to
a multi-resolution structure like quad-tree. Starting with the sq{@r€]?, we recur-
sively divide the current square infd equal-sized squares, whetis a parameter. The



recursion stops when a square does not contain any endpoints of the input rectangles.
Let T be the tree denoting this recursive partition, and let the sgtlao®rrespond to

the nodev in T'. Some of the notation used in the description of thi&structure will

be redefined below.

We call a rectangle longatw if S, C r; we callr shortif at least one vertex of
lies in S,; we say that straddlesv if an edge ofr intersectsS, butr is not short av.
Figure 1 illustrates the above cases: Btraddles, then either a horizontal edge or a
vertical edge of intersectsS,,, but not both.

For each node, let C, denote the set of distinct colors of rectangles that are long
atv but short ap(v). Let X, denote the set of rectangles that straddénd are short
atp(v). Sety, = |Cy| andm, = |X,|. If a rectangle- is short atv, its color could be
stored in all children ofy, but it straddles at modt children ofv. Since a rectangle is
short for at most four nodes of any given level,

> xv =0(nl’log,U) and Y m, = O(nllog,U).
veT veT
We storeC’, atv. We also store at, two 1D point-enclosure data structufgs, TJ

as its secondary structures. Lgf (resp.Eﬂ) denote the set of rectanglesin whose
horizontal (resp. vertical) edges interségt For a rectangle € S,, letr (resp_.r")
denote thez-projection (respy-projection) ofr N S,. See Figure 1 (iii). LetZ, =
{r~ |reX }andZ, = {r' | r € Z)}. T, (resp.T,)is the 1D point-enclosure
data structure on the set of intervdls (resp.I,')'). By Theorem 4,Tv=,T,',I require

O(m,llog, U) space. Hencd, requiresO(n¢? log? U) spaceT can be constructed in
O(nf?log; U) time in a top-down manner.

al=

(i (i) (iii)

Fig. 1. (i) r long atw; (ii) r short atv; (iii) r straddles.

Letg = (g2, qy) € [0,U]* be a query point. The query procedure searcheg for
in T and visits all nodes in T' in the root-leaf search path qfin T'. At each node,
we report all the colors in the ligt,. For a rectangle € X, ¢ € r if and only if
¢. € r . Similarly forr € Eﬂ, gerifandonlyifg, € r'. Therefore we query the 1D

structuresT’, andT;| with ¢, andg, respectively. The query time for theD structure
is O(log, U + k), wherek is the number of distinct colors of intervals containing the
query pointp. Since we make exactly twbD queries at each level and each color can



be duplicated once in each level Bf the total query time i©)(k log, U), wherek is
the number of distinct colors of rectangles containing the query goint

Theorem 5. Let P be a set ofn colored rectangles whose endpoints lie[ih U]

We can construct & (nf? log; U) sized data structure i(nf? log; U) time so that
a colored point-enclosure query can be answered(it log, U) time wherek is the
output size.

Settingl¢ = U*¢ and using input mapping, we get

Theorem 6. Let P be a set of» colored rectangles whose endpoints lie on the grid
[0,U]%. We can construct & (n'*¢) sized data structure i (n' ) time so that a
colored point-enclosure query can be answere@ (tog log U + k) time wherek is the
output size.

Note that if we make the assumption tiat= O(n°), we can remove the input
mapping and thus the above query time gets reduce&d(tg, wherek is the output
size.

4 Extensions

We show how to extend our solutions to higher dimensions. We will first sketch how
to extend our two dimensional colored point-enclosure data structure to higher dimen-
sions. Using this, we construct a data structure to solve the colored range searching
problem in higher dimensions as well.

Colored point enclosure in higher dimensionde show how to extend the above data
structure to answer point-enclosurefitlimensions. LeP be a set of: colored hyper-
rectangles whose endpoints lie on the dfidU]?. We construct a tre& using a re-
cursive partitioning scheme. At each nodef 7', we define long and short hyper-
rectangles and hyper-rectangles that straddie Bbr each node, let C, denote the

set of distinct colors of rectangles that are long aut short ap(v). At v, we storeC,

and a family of(d — 1)-dimensional point-enclosure structures as secondary structure.
The query process is similar to the 2D case. We omit the details of the structure for lack
of space. Using the same analysis as in Section 3, we can show that the space used
by the data structure 8(n¢? log§ U) and the query time i® (k logi * U), wherek is

the output size. This gives us an analogous result as in Theorem 5, for any dimension
d. In particular, for a fixedi, setting/ = U¢ and using input mapping, we obtain the
following.

Theorem 7. Let P be a set ofi colored hyper-rectangles whose endpoints lie on the
grid [0, U]?, for a fixedd. We can construct & (n!*¢) size data structure i) (n!*¢)
time so that a colored point-enclosure query can be answerédliog log U + k) time,
wherek is the the output size.

Note that we can reduce the above query tim@¢é) by removing the input map-
ping, if we make an assumption tHat= O(n°) for some constant



Colored range searching in higher dimensior@ur approach is to first solve the more
general colored rectangle intersection problem in higher dimensions, which is defined
as follows. We wish to preprocess a $ebf n hyper-rectangles, whose endpoints lie
in [0,U]%, into a data structure so that we can report the list of distinct colors of hyper-
rectangles inP that intersect a query hyper-rectangléVe present a simple reduction
between the rectangle-intersection problemiidimensions and the point-enclosure
problem in(2d)- dimensions.

Let the hyper-rectangle be represented 8811, z12] X -+ X [Z41, Z42]. We map
r to a hyper-rectangle’ in (2d)- dimensions given by—oo, z15] X [z11,00] X - -+ X
[—00, Zaz] X [za1,00]. The query hyper-rectangle= [y11, y12] X -+ X [Ya1,Ya2] iS
mapped to &2d)- dimensional poiny’ = (y11, Y12, - - -, Ya1, Ya2)- ItiS easy to see that
a hyper-rectangle intersects a hyper-rectangjéf the hyper-rectangle’ contains the
pointq’. This observation gives us a reduction between rectangle-intersection problem
and point-enclosure problem. Applying the reduction and using Theorem 7, we obtain
the following.

Theorem 8. Let P be a set ofi colored hyper-rectangles whose endpoints lie on the
grid [0, U]¢. We can construct @(n'*¢) sized data structure i (n!*¢) time so thata
colored rectangle-intersection query can be answere@(ilog log U + k) time, where

k is the output size

The colored rectangle-intersection problem reduces to a colored range-searching
problem when the input hyper-rectangles are points. Hence we get analogous results as
Theorem 8 for colored range-searching in higher dimensions too. Note that in 2D, we
can answer a colored range queryfloglogU + k) time using a0 (nlog® U) size
data structure, as described in Section 2.
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