Independengetof IntersectionGraphsof
Corvex Objectsin 2D

PankajK. Agarwal Nabil H. Mustaf

Departmenbf ComputerScience,
Duke University, Durham,NC 27708-0129USA.
pankaj,nabil @cs.dule.edu

Abstract

The intersectiongraph of a setof geometricobjectsis de ned asa graph in
whichthereis anedgebetweertwo nodes if . The problemof computing
a maximumindependensetin the intersectiongraphof a setof objectsis known to be -
completefor mostcasesn two andhigherdimensions.We presentapproximationalgorithms
for computinga maximumindependenset of intersectiongraphsof corvex objectsin
Speci cally, given( ) asetof line sggmentsin the planewith maximumindependensetof
size , we presentalgorithmsthat nd anindependensetof sizeat least
in time and in time , ( ) asetof corvex objects
with maximumindependensetof size , we presenanalgorithmthat nds anindependenset
of sizeatleast intime , assuminghat canbepreprocessed
in time to answercertainprimitive operationson thesecorvex sets,and( ) asetof
rectanglesvith maximumindependensetof size , for , we presentanalgorithmthat
computesanindependensetof size . All ouralgorithmsusethenotionof partial orders
thatexploit the geometricstructureof the corvex objects.

1 Intr oduction

An independergetof agraphis asubsebdf pairwisenonadjacentodesof thegraph. Themaximum-
independent-sgiroblemasksfor computinga largestindependensetof a given graph. Givena
graph andaninteger , determiningwhetherthereis anindependensetin  of size is
knovntobe  -completeavenfor mary restricteccasege.g.planargraphg12], bounded-dgree
graphs[21], geometricgraphs[22]). Naturally the attentionthen turnedtoward appioximating
the largestindependensetin polynomialtime. Unfortunately the existenceof polynomial-time
algorithmsfor approximatingthe maximumindependenset ef®ciently for generalgraphsis un-
likely [14]. However, ef®cientapproximatioralgorithmsareknown for mary restrictedclasseof
graphs.For planargraphs approximatioralgorithmsexist that cancomputean independensetof
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size arbitrarily closeto the size of the maximumindependenset. Note thata graphis planarif
andonly if thereexistsa setof unit disksin the planewhosecontactggive the edgesof the planar
graph[19]. Thusa naturaldirectionis to investigatethe independent-sgiroblemfor thegraphsin-
ducedby asetof geometricobjects.Theintriguing questiorthereis whether(andwhat) geometric
natureof objectsaidsin ef®cient computationof maximumindependenset. One suchfamily of
graphsarisingfrom geometricobjectsthathave beenstudiedarethe so-calledntersectiorgraphs.
Givenaset of geometricobjectsin  , the intersectiongraphof
is de®nedasfollows: eachnode correspondso theobject and if
. A subset is anindependensgetin if for every pair of nodes , .
For brevity, we say “independentsetof " whenwe mean“independentset of the intersection
graphof ”. In this paper we presentapproximationalgorithmsfor the independent-sgiroblem
onintersectiorgraphsof line sggmentsandcorvex objectsin theplane.

Besidesthe inherentinterestmentionedabove, independensetsof intersectiongraphshave
foundapplicationsn maplabelingin computationatartography2], andfrequeng assignmenin
cellularnetworks [18]. For example,in the map-labelingoroblem,we are given a setof labelsof
geometricobjects,andthe goal is to placethe maximumnumberof labelsthat are pairwisedis-
joint. Computingthe maximumindependensetof thesdabelsyieldsalabelingwith themaximum
numberof labeledobjects.

Relatedwork. Given , let denoteamaximumindependensetof  , andlet denote
it size. We will use todenote when s clearfrom the context. We saythatanalgorithm
computesa -approximatiorto if it computesanindependensetof sizeatleast

For ageneralgraph with  verticestherecannotbea polynomial-timeapproximation
algorithmwith approximatiorratio betterthan for ary unlessNP = ZPP[14]. Currently
thebestalgorithmfor ageneragraph®ndsanindependensetof size [7], where
is the sizeof amaximumindependensetin

However, for intersectiorgraphsof geometricobjects betterapproximatiorratiosarepossible.
If isasetofintenalsin , thenthe maximumindependensetof theintersectiongraphof can
be computedn lineartime. Computing is known to be -completeif is a setof unit
disksor a setof orthogonalsegmentsin [16]. Forunitdisksin , apolynomialtime -
approximatiorschemevasproposedn [15]. For arbitrarydisks,independentlrlebachetal. [11]
andChan[8] presentec polynomialtime -approximatiorscheme.The above schemedor
computingindependensetof disksuseshifteddissectionwhich reliesheaily onthefactthatthe
geometricobjectsaredisks(or “fat” objects).A divide-and-conquetechniquds usedfor the case
of theintersectiorgraphsof axis-parallerectanglesn the plane,for which Agarwal etal. [2] pre-
senteda -approximatioralgorithmin time . If therectanglesave unit height,
they describea -approximatiorschemawith runningtime . Bermanet
al. [5] shav thata -approximationcanbe computedn time. RecentlyChan[9]
improved thesealgorithmsby describingan algorithmthat returnsa -approximationin
time , Where is ary constant.Ef®cientalgorithmsareknown for other
classe®f graphsaswell [3, 6].

In otherrelatedwork [17], it wasshawvn thatthe problemof recognizingintersectiorgraphsof



line sggments,.e., givenagraph , doesthereexist a setof sggmentswhoseintersectiorgraphis

, is -hard. Anotherwork relatedto oursis of Pachand Tardos[20]. Givena setof disjoint
objects(which couldbeline sgmentsor convex shapesjn  lying on asheetf glassthey study
the following combinatorialquestion:by iteratively cuttingthe glassinto two separatesheetswith
a straightline, andthenrecursvely the cuttingthe two pieces how mary objectscanbe separated
into differentsheetf glass?Using decompositiorschemesimilar to ours,they presentvarious
upperandlower boundson the numberof objectsthatcanbe separated.

Our results. We ®rst presentapproximationalgorithmsfor aset of segmentsin , all of
which intersecta commonverticalline. We shav thatwe cancompute!

in time anindependensetof of sizeatleast ~, and
in time anindependensetof of sizeatleast
Using theseresults,we shav that for an arbitraryset of segmentsin  , we cancomputean

independensetof sizeatleast

in time , or
in time
We then extend our resultsto convex sets. Namely for a family of corvex setsin |, we
cancomputein time anindependensgetof sizeatleast , assum-
ing thatcertainprimitive operationgnamelysidednesandpairwiseobjectintersectiormgueries)on
thesecorvex setscanbe performedby preprocessing in time. Finally, for a setof rect-

angleswith maximumindependensetof size , for some , We computein time, an
independensetof sizeatleast

Organization. In Section2 we describeapproximationalgorithmsfor a setof line segmentsin

. Section3 describeghealgorithmfor convex sets,andSection4 presentapproximatioralgo-
rithmsfor the caseof axis-parallerectangles.

2 Approximation Algorithms for Line Segments

Let beasetof line segmentsn . Let denotghe -and -coordinates
of apoint . Let (resp. ) denotethe -coordinateof theleft (resp.right) endpointof
thesegment ,andlet denotetheslopeof

2.1 A -Approximation Algorithm

In this sectionwe assumeéhatall the segmentsin  intersectthe -axis. We alsoassumehatthe
sgmentsn aresortedin increasingorderof their intersectiorpointswith the -axis,andwe use

LAl logarithmsin this paperarebase2.
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Figurel: (a) Bold sgmentsform anincreasing -monotonesequence(b) in solid (c)
asin the proofof Lemma2.2.

to denotethis sortedsequence.

We call asubsequence of -monotongseeFigurel(a))if
for all
for all (calledincreasing -monotone)or for all

(calleddeceasing -monotone).

Lemma 2.1 Let beasubsequenaef pairwise-disjoinisggmentsTheeexistsan -monotone
sequence of sizeat least

ProoF. By Dilworth's theorem[10], thereis a subsequence of suchthatthe slopesof the
segmentsare eithermonotonicallyincreasingor monotonicallydecreasingandthe sizeof  is at
least . Sincethesggmentsin  arepairwisedisjoint, is -monotone.

Wedescribeanalgorithmfor computinghelongest -monotonesubsequencef . By Lemma2.1,
its sizeis atleast . Without loss of generality we describehow to computethe longest
increasing -monotonesubsequencehe sameprocedurecan computethe longestdecreasing -
monotonesubsequencef , andwe returnthelongerof thetwo.

We addasgment to suchthatit intersects -axis belav all the sgmentsof , doesnot

intersectary segmentof for all , andit spansall the othersggmentsof (i.e.,

and for all ). We addanothersimilar segment that

intersectghe -axis above all the otherseggmentsin , doesnot intersectary segmentin , and
for all



For suchthat and , let denotethe subsequencef
sgments s.t.

(S1) :

(S2) .

(S3) ,

(S4) and

SeeFigure 1(b) for anillustrationof . Let denotethe longestincreasing -
monotonesubsequencef . If thereis morethan one suchsequencewe choosethe lexico-
graphicallyminimumone. Set . We wish to compute . Notethatby

de®nitionof and ,

Lemma 2.2 For all ,

(1)
PROOF. Let . Let be the sggmentin with the leftmost left
endpoint,i.e., for all . Note that and
. Sinceeachof thesetwo subsequencds -monotoneand ,

and . Therefore andhence
Corversely let . By de®nition of and (cf. — ), for all and

0) :

() :

() :
() , and

SeeFigurel(c). As obseredin [20], ( )—( ) imply thattheline supporting doesnotintersect
and .Indeed() & ( )implythat doesnotintersect or totherightofthe -axis,and
( )& ( )implythat doesnotintersect or totheleft of the -axis. Since and lie
on the oppositesidesof |, they neitherintersecteachother nor or . Hence,thesgmentsin
arepairwisedisjoint. Moreover, thefactthat and donotintersect or
and - implythat and satisfy - for . Hence

Thereforethe sequence isan -monotonesubsequencef . Hence,
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Figure2: Thefour typesof -monotonesequencedescribedn Lemma2.4.

This completeghe proof of thelemma.
We can compute using a dynamic-programmingpproach. We can computethe set

in time and in another time, assuming and have alreadybeen
computed. Therefore the total time spentin computing for all is

. Puttingeverythingtogetherwe concludethefollowing.

Theorem 2.3 Givenaset of segmentdn |, all intersectinga commorverticalline, aninde-
pendensetof sizeat least canbecomputedn time

22 A -Approximation Algorithm

We now presenta fasteralgorithmat the expenseof a larger approximationfactor The algorithm
againtries to ®nd a large subsetof that hasa certainspecialstructure,which allows its
computatiorin polynomialtime. We assumehatall the segmentsof  intersecthe -axisandare
sortedin increasingorderby the -coordinate®f theirleft endpointsLet denote
thissequencelLet bethe -coordinateof theintersectiorpointof  with the -axis.

Lemma 2.4 Let be a subsequencef pairwise-disjointsggments. Thenthere existsa sub-
sequence , sud that , , and it hasone of the following
properties:For all ,

(LD and (Figure 2(a)),
(L2) and (Figure 2(b)),
(L3) and (Figure 2(c)),
(L4) and (Figure 2(d)).



ProoOF. By Dilworth's theorem,thereexists a subsequence of lengthatleast ~ such
thatthe -coordinate®f theright endpointsare eithermonotonicallyincreasingor monotonically

decreasingAgain applyingDilworth'stheorento , onecan®nd a subsequence of length
atleast suchthat for areeithermonotonicallyincreasingor monotonically
decreasing.

If isincreasingand increasingresp.decreasing)thenthe sequences of type  (resp.
). If isdecreasin@nd increasingresp.decreasing}thenthesequencés of type  (resp.

).
We referto a subsequencef pairwise-disjoinseggmentsof  thatsatis®esoneof - prop-

erty asan -monotonesequence.The following propertyof -monotonesequencesllows usto
computethemef®ciently.

Lemma 2.5 Let be a sequencef sggmentssothat oneof the conditions -
is satis edand forall . Then isan -monotonesequence
PROOF. It is clearthatfor sgmentsof type - , twosggments and , for , cannot
intersectwithout either  intersecting or intersecting . Thereforeif for
all , thenthesegmentsarepairwisenon-intersectingindhence -monotone.
By Lemma2.5, the segmentsin ary sequencesatisfyingone of - are pairwisenon-

intersectingf theadjacenseggmentsdo notintersect{SeeFigure?2).
We presentinalgorithmthat,givenasequence of sgmentscomputeghelongest -monotone
subsequencef eachtype. By Lemmaz2.4,thelongestof themis anindependensetof sizeatleast
. We describean algorithmfor computingthe longest -monotonesubsequencef type
. Theotherscanbe computedanalogously

De®ne to bethesetof sggmentssuchthat if

0) () » () ()

Let bethelongest -monotonesubsequencef  of type thatcontains . Set
. We wishto compute

Lemma 2.6 For ,

PROOF. Let . Clearly is an -monotonese-
guence,and . Therefore and for all
Corversely LemmaZ2.5 implies thatfor ary , the sequence is an -monotone
sequencelence, .



A naive approactiakes timeto computeeach , providedthat , for all , have al-
readybeencomputed.Thisyieldsan time algorithm.We now describea moresophisticated
approactby exploiting geometryto computeeach in amortizedime.
Let . We compute sequentiallyfor , maintaininga data
structure thatstoresall thesggmentsof . Giventhe segment , the datastructurereturns
. Oncewe have computed , weinsertthesggment togethemith its weight
into the datastructure.Note thatafter we have inserted , the datastructurestoresall the
sgmentsn theset
We now describe , athree-leel datastructure thatstoresaset of weightedsegments.For
aquerysgment intersectinghe -axis,it returnsthe maximumweightof asegment in  so
that ,and intersectghe -axisabore . The®rst-levelis abalancedinary
searcliree onthe -coordinate®f theright endpointsof thesegmentsin . Let  denote
the “canonical” subsetof segmentsstoredin the subtreerootedat . For eachnode |,
the second-leel datastructureis a balancedbinary searchtree on . Let
denotethe setof sggmentsstoredin the subtreerootedat . Finally, for the set
of sgments , we constructa sggment-intersectiomlatastructure asdescribedn [1]. It
storesafamily of canonicakubset®f in atree-like structure. Thetotal sizeof thedatastructure
is , andit canbeconstructedn time. For aqueryseggment , we can
reportin time the sggmentsof  notintersecting asa union of
canonicalsubsets.For eachcanonicalsubset , we storethe maximumweight of a
sgmentin . Theoveralldatastructure canbeconstructedn time
For a query sgment , we wish to report , Wherethe maximumis taken over all
sgments of sothat andthe intersectionpoint of  with the -axis
lies below thatof . We querythe®rst level tree  with theright endpointof andidentify a set
of nodessothat is the setof sggmentswhoseright endpointdie to theleft
of . Next, for each , We computea set of nodess.t. is
thesetof sggmentsof  thatintersecthe -axisbelov does.For each , We compute
the maximumweight  of a segmentin that doesnot intersect , usingthe third-level data
structure We return . Thetotaltime spentis
Finally, we canusethe standarddynamizationtechniquesy Bentley and Sa>e [4] to handle
insertionsin the datastructure.Sincethe datastructurecanbe constructedn time,
theamortizednsertiontimeis . However, in ourapplicationsyve know in advance
all the sgmentsthatwe wantto insert—they arethe sgmentsof . Sowe cansomeavhatsimplify
thedatastructureasfollows. Settheweightof all sgmentgo , andconstruct onall thesegments
of . Whenwe wishto inserta segment,we updatets weightandupdatethe weightof appropriate
canonicakubsetatthethird level of . Omitting all thedetails,we concludethefollowing.

Theorem 2.7 Givenaset of sementan |, all intersectinga commorvertical line, onecan
computeanindependensetof sizeat least in time



2.3 IndependentSetfor Arbitrary Segments

Let beasetof arbitrarysegmentsin . We describea recursve algorithmfor computingan
independensetof . Let betheverticalline passinghroughthemedian -coordinateof theright
endpointof sggmentsin |, i.e.,atmost sgymentshave their right endpointson eachside of
. We patrtition into threesets, and . (resp. ) is thesubsebf sgmentsthat lie
completelyto theleft (resp.right) of ,and isthesubsebf sggmentswhoseinteriorsintersect.
We computeanindependenset of , andrecursvely computeanindependenset  (resp.
Jof  (resp. ). Sincethesggmentsn  donotintersectary sggmentsn isan
independensetof . Wereturneither or , whicheveris larger.
Supposeur algorithmcomputesanindependensetof sizeat least , Where .
Let and . Supposehe algorithm
for computinganindependensetof  returnsasetof sizeatleast . Then

where , , , and . Since and aresub-linear
functions,it canbeamguedthat

(2)
We now shaw thatthe solutionto theabove recurrences
Expanding(2), we obtain
where is thedepthof recursionand . Moreover, for all
— ©))
We claimthat
Indeedif it werenot true, then . Thenfor , while

, therebycontradicting(3). The proofthenfollows.
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Figure3: (a) Sequencesf type (bold) and (dashed)b) Sequencef type , (€)
(solid)

If we cancomputetheindependensetof  in time , thenthe runningtime of the algo-
rithm is L f , thenthe runningtime is . Hencewe concludethe
following.

Theorem 2.8 Let beasetof samentsall of which intersecta commorverticalline. Suppose

we cancomputean independensetof  of sizeat least in time . Thenfor anyset
of sementdn , wecancomputeanindependensetof sizeat least whee
. Therunningtimeis if ,and otherwise

Corollary 2.1 Foraset of segmentdin , onecancomputeanindependensetof sizeatleast
) in time and( ) in time

3 IndependentSetfor Convex Objects

We now describehow theresultsof the previous sectioncanbe extendedo ®nd anindependenset
in a setof corvex objectsin . Let be a setof corvex objectsin  , andlet

beamaximumindependensetof . Asfor sgmentswe describeanalgorithmfor thecase
in whichall objectsin  intersecthe -axis.We canthenusetheapproachn Section2.3to handle
thegenerakase.De®ne (resp. ) to bethesmallest(largest) -coordinateof all the points

. Let bethemaximum -coordinateof theintersectiorof  with the -axis.Againassume
that issortedin increasingorderof the -coordinate®f theleftmostendpoints An applicationof
Dilworth's theoremsimilar to Lemma2.4 givesthe following.

Lemma 3.1 Givena set of pairwise-disjointcorvex objects,there exists a subsequence
, Where and hasoneofthefollowingstructue: For all
(Cy and (Figure 3(a)),or

10



(C2) and (Figure 3(a)),or
(C3) (Figure 3(b)).

Sequencesatisfyingcondition or canbe computedusinga dynamicprogrammingap-
proachsimilar to the onein Section2.2. We outline the algorithmfor computinga longestsubse-
guenceof type

For suchthat , let denotethe subsequencef segments
sothat

0) :

() , and

() and
SeeFigure3(c). Let denoteghelongestsubsequencef type of . Set

. Thenwe canprove thefollowing.

Lemma 3.2 For all ,

(4)

We can compute using a dynamic-programmingpproach. Assuming and
have alreadybeencomputedwe only needto computetheset . Supposeave canpreprocess in
time sothatwe have the following informationat our disposal:( ) for each
, () whether for each . Thentheset  canbecomputedn time
. Hence,we cancompute in time. Pluggingthis proceduranto the
recursve schemeof Section2.3we obtainthefollowing.

Theorem3.3 Let bea setof corvex objectsin sothat( )-( ) canbe computedn
time Thenan independensetof sizeat least can be computedn time

4 IndependentSetfor Axis-Parallel Rectangles

Let beasetof rectanglein ,andlet denoteahesizeof thelargestcliqgue
in theintersectiongraphof . Without lossof generality we canassumehat no rectanglecom-
pletely containsary anotherectangle We ®rst considenwo specialcase®f rectanglantersection
graphs— the piercing andnon-piecing intersectiorsubgraphsgerived by de®ningthe following
partialorderamongtherectangles.
Given two rectangles and , if andonly if  intersectsboth vertical edgesof
, and intersectsdoth horizontaledgesof  (SeeFigure4(a)). Clearly; if , then
and intersectandneithercontainsary vertex of the other Notethat is atransitve relation:
implies f ,wesaythat and pierce andthat is piercedby

11
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Figure4: (a) , (b) Theset (solid)andtheset (dashed)(c) Mappingrectanglesn
to vertices,andrectanglesn  to edges.

4.1 Piercing and Non-Piercing Rectanglelntersection Graphs

Givenaset ,therelation partitionstheedgesn theintersectiorgraph  intotwo sets  and
: givenanedge , if or ,and otherwise.

Piercing Intersection Graphs. De®nethe piercingintersectiongraphof asthedirectedgraph
, .e.,eachvertex in correspondto arectanglén , andthereis adirectededge
betweertwo vertices and if ispiercedby ,i.e., if andonly if

Lemma4.1l Givenaset of rectanglesn ,let bethepiercinggraphof . Then
, andtheoptimalindependensetin ~ canbecomputedn polynomialtime

PrOOF. It follows from thetransitvity of that is atransitve graph. It is a well-known fact
thatall transitive graphsare perfectgraphs,i.e., for every inducedsubgraplof , the sizeof the
maximumcliqgue equalsthe chromaticnumber Thereforetheverticesof ~ canbepartitionedinto
subsetsgachof which is anindependensetin . Sincethe largestsubsethasat least
verticeswe concludethat .
By aclassicaresultof Grotscheletal. [13], alargestindependensetof a perfectgraphcanbe
computedn polynomialtime.

Non-Piercing Intersection Graphs. We now considerthe caseof pairwisenon-piercingrectan-
gles.Let beasetof rectanglesuchthatnotwo rectanglepierce(althoughthey couldintersect);
theintersectiorgraphof is calledthe non-piercingntersectiorgraphanddenotedas . First,
notethatcomputingtheoptimalindependensetof remaindNP-hardsincetheconstructionn [22]
proving the NP-hardnesfor intersectiorgraphsof rectanglesisesonly non-piercingrectangles.
We call asubset r-maximalif it satis®eghefollowing four conditions:

(Al) isanindependenset,

12



(A2) Every intersectsome ,

(A3) Foreach , thereis at mostonerectangle suchthat intersects anddoes
notintersectary otherrectanglan , and

(A4) For every pair of disjointrectangles , thereareat mosttwo rectangles

suchthat ,and intersectboth and , andnootherrectanglan
Lemma4.2 Let be an -maximalset. Then , whee
PROOF. Let be the setof rectanglesn the maximumindependenset. We will chage

eachrectanglen toarectanglen suchthateachrectanglen is chagedat mostaconstant
times. Thelemmathenfollows.
Let bearectanglen . By maximality condition , Iintersectsat leastonerectanglein
, andsincetherectanglesn arepairwisenon-piercing, doesnot pierceary rectanglein
We chage to arectanglen  asfollows. First, if , we chage toitself. Clearly each
rectanglan recevesonly oneunit of chage. Otherwisewe chage asfollows:

C1l. onlyintersectonerectangle . Chage to . By condition , eachrectanglen
recevesat mostoneunit of chage.

C2. intersects in acorner(i.e., containsavertex of ). Chage to . Since and are
independensets,eachrectangldn  recevesat mostfour unitsof chage.

Let bethesetof rectangle®f thathave notyetbeenchaged. Thusfareachrectangle
in  hasreceved at most5 chages,sotherefore We now boundthe numberof
rectanglesn . hasthefollowing property:eachrectanglén intersectexactly two rectangles

in  (seeFigure4(b)); C1landC2 abore dealwith all otherintersectiorpossibilities.We mapeach
rectangleén and toavertex andanedge respectiely, by constructinga bipartitemulti-graph
whereeachvertex in  correspondso arectanglen , andthereis anedgebetween

and if thereis arectangle thatintersectdoth and . Clearlyeachrectanglen
mapsto anedgein
Wenow shavthat  isaplanamulti-graphasfollows. Replacesachrectangle with its
center , andeachrectangle with a polygonalcune (consistingof threepieceavise-linear

sgments)asillustratedin Figure4(c). It is clear giventheindependencpropertyof therectangles
in and ,thattheabore embeddings non-intersectingHence  is aplanarmulti-graph.
For a planargraph,the numberof edgeds at mostthricethe numberof vertices.Since isa
planarmulti-graphwith at mosttwo edgesetweerary pair of verticesby condition(A4), we have
Hence,combiningthe bounds,

13



Lemma4.3 Givenaset of rectanglesn sud that no two rectanglespierce, let de-
note the corresponding(non-piecing) intersectiongraph. Then -, anda
-approximationto the maximunindependensetcanbe computedn polynomialtime,

PRrROOF. First, by Turan's Theorem[19], thereexists an independentet of size at least

Secondfor eachedge , dueto the propertiesof non-piercinggraphseither contains
avertex of orviceversa.Let denotethe numberof timesrectangle 'svertex is contained
in anotherrectangle.If  containsavertex of |, chagetheedge tovertex by incrementing

, otherwiseincrement . Clearly , andhencethereexists arectangle whose
verticesarecontainedn morethan rectanglesandthereforeatleastonevertex containedn
morethan rectangles.Theserectanglesharea commonpoint, andthusform a clique of
sizegreaterthan . Hence,

We describean iterative algorithmto computea -maximalset, which, by Lemma4.2,is a
constant-dctorapproximatiorof the maximumindependensetof . In thebeginningof the -th
iterationthe algorithmmaintainsaset of pairwise-disjointsggments.In the -th iteration,the
algorithmcheckswvhetherconditions(A2)—(A4) aresatis®ed.If theansweris yes,wereturn , as
itisa -maximalset.Otherwise,

1. Condition(A2) violated. Thenthereexistsaset thatdoesnotinterseciary
Set

2. Condition(A3) violated. Thenthereexist two disjoint rectangles thatintersect
some but nootherrectanglen . Set

3. Condition(A4) violated. Thenthereexist threepairwise-disjointrectangles
thatall intersect , but nootherrectanglen . Set

It is clearthat s a setof pairwise-disjointsegments. The processcan continuefor at most
iterations,andthe®nal set isobviouslya -maximalset.Sinceeachof theconditions(A2)—(A4)
canbechecledin polynomialtime, thetotal runningtime is polynomial.

4.2 General Rectanglelntersection Graphs

CombiningLemma4.1andLemmad4.3,we attainthefollowing.

Lemma4.4 Givenaset of rectanglesn , anindependensetof sizeat least , for
someconstant , canbe computedn polynomialtime
PROOF. By Lemma4.1, computethe maximumindependenset,say , in the piercinggraph

of . Notethefollowing:

14



asanindependensetin  is anindependensetin piercinggraphof , and

, Sinceacliquein isacliquein

By Lemma4.3, . Henceusing and above, it follows that
. Sincetheintersectiorgraphof is non-piercinglL.emmad4.3givesan
algorithmwhichreturnsanindependensetof sizeatleast .
Fromnow on, let , for some
Theorem4.5 Given with , onecan computean independensetof size in

polynomialtime

ProoF. The algorithmrepeatedlyextractslarge cligues(one cancomputethe maximumcliquein
rectangleintersectiongraphsin polynomialtime [16]) until a goodindependensetis found, as
follows. Set ,andlet bethesetof rectanglesn the -thiteration.For now assumehatthe
valueof isknown. At the -thiteration,if thereexistsaclique of sizeatleast ,remove from

,il.e.,set , andreiterate If no suchcliqueexists,computethemaximumindependent
set,say , inthepiercinggraphof , andreturnthe maximumindependensetin . Assumethe
algorithmstopsafter iterations,.e. . Notethat . Since
at mostonerectanglefrom theindependensetcanbein a clique, eachiterationremovesat most
onerectangldrom the optimalindependensetof |, hence . FromLemma4.4,0ne
canthuscomputeanindependensetof sizeatleast

yieldingthedesiredesult. Notethatwe donotknow thevalueof , but canruntheabove algorithm
for all the possiblevaluesandreturnthe maximum.

5 Conclusions

In this paperwe have presentedlgorithmsfor approximatinghe maximumindependensetin the
intersectiongraphsof convex objectsin the plane. The approximatiorratio is betterif the cornvex
objectsareline sggments.

All the algorithmsdescribedn this paperhave the sameoverall approach. They ®rst prove
the existenceof a large independensubsetwith somespecial(separatofike) properties. They
thenshaw thatthis subsetcanbe computedexactly from amongthe entire set(we useddynamic-
programming).Oneapproachowardimproving theseresultsis to shav the existenceof indepen-
dentsubset®f largersize,which arestill computablén polynomialtime.

We leave it asanopenproblemwhethertheapproximatiorratioscanbeimproved. In particular
is it possibleto designa  -approximationalgorithmfor the caseof generalcorvex objects(all
intersectinga verticalline)? Similarly, is it possibleto approximateheindependensetof line sey-
mentsbetterthan . For axis-parallerectanglesdevising analgorithmwith approximatiorratio

remainsanintriguing openproblem.We have madea steptoward crossingthelogarithmic
boundin this paperbut a general-caseonstant-dictoralgorithmremainselusie.
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