
IndependentSetof IntersectionGraphsof
Convex Objectsin 2D

�

PankajK. Agarwal Nabil H. Mustafa

Departmentof ComputerScience,
DukeUniversity, Durham,NC 27708-0129,USA.

�

pankaj,nabil� @cs.duke.edu

Abstract

The intersectiongraphof a setof geometricobjectsis de�ned asa graph �����	��

��� in
which thereis anedgebetweentwo nodes���

�������� if ����������� � � . Theproblemof computing
a maximumindependentsetin the intersectiongraphof a setof objectsis known to be !#" -
completefor mostcasesin two andhigherdimensions.We presentapproximationalgorithms
for computinga maximumindependentset of intersectiongraphsof convex objectsin $&% .
Speci�cally, given( ' ) a setof ( line segmentsin theplanewith maximumindependentsetof
size ) , we presentalgorithmsthat �nd an independentsetof sizeat least �*),+.-�/10�23�4-.(5+�),�6�8769�%

in time :��;(=<�� and �4)�+�-�/>0?2@�	-�(5+�),�6�
7
96A in time :��*(BAC9�<D/>0?2FEG(5� , ( 'H' ) a setof ( convex objects
with maximumindependentsetof size ) , wepresentanalgorithmthat�nds anindependentset
of sizeat least �*),+.-�/10�2G�	-�(5+.)��
�

769�< in time :��;(
<JILK

�4�M�
� , assumingthat � canbepreprocessed
in time K

�	�M� to answercertainprimitive operationson theseconvex sets,and( '	'H' ) a setof (

rectangleswith maximumindependentsetof size N=( , for NPORQ , we presentanalgorithmthat
computesanindependentsetof size ST�;NU%V(5� . All ouralgorithmsusethenotionof partial orders
thatexploit thegeometricstructureof theconvex objects.

1 Intr oduction

An independentsetof agraphisasubsetof pairwisenonadjacentnodesof thegraph.Themaximum-
independent-setproblemasksfor computinga largestindependentsetof a given graph. Given a
graph W andan integer XZY\[ , determiningwhetherthereis an independentset in W of size X is
known to be ]_^ -completeevenfor many restrictedcases(e.g.planargraphs[12], bounded-degree
graphs[21], geometricgraphs[22]). Naturally, the attentionthen turnedtoward approximating
the largestindependentset in polynomial time. Unfortunately, the existenceof polynomial-time
algorithmsfor approximatingthe maximumindependentsetef®ciently for generalgraphsis un-
likely [14]. However, ef®cientapproximationalgorithmsareknown for many restrictedclassesof
graphs.For planargraphs,approximationalgorithmsexist thatcancomputean independentsetof

`
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sizearbitrarily closeto the sizeof the maximumindependentset. Note that a graphis planarif
andonly if thereexistsa setof unit disksin theplanewhosecontactsgive theedgesof theplanar
graph[19]. Thusanaturaldirectionis to investigatetheindependent-setproblemfor thegraphsin-
ducedby asetof geometricobjects.Theintriguingquestionthereis whether(andwhat)geometric
natureof objectsaidsin ef®cient computationof maximumindependentset. Onesuchfamily of
graphsarisingfrom geometricobjectsthathave beenstudiedaretheso-calledintersectiongraphs.

Given a set ���������
	������
	��
��� of geometricobjectsin ��� , the intersectiongraphof � , W����

���

	���� is de®nedasfollows: eachnode�! #"

�

correspondsto theobject �$ and %� '&(")� if �
 $*+�,&�- �

.

. A subset
�0/213�

is anindependentsetin W0� if for every pair of nodes�  	�� & "4�

/

, �  *)� & �

.

.
For brevity, we say “independentset of � ” when we mean“independentset of the intersection
graphof � ”. In this paper, we presentapproximationalgorithmsfor the independent-setproblem
on intersectiongraphsof line segmentsandconvex objectsin theplane.

Besidesthe inherentinterestmentionedabove, independentsetsof intersectiongraphshave
foundapplicationsin maplabelingin computationalcartography[2], andfrequency assignmentin
cellularnetworks [18]. For example,in themap-labelingproblem,we aregiven a setof labelsof
geometricobjects,andthe goal is to placethe maximumnumberof labelsthat arepairwisedis-
joint. Computingthemaximumindependentsetof theselabelsyieldsa labelingwith themaximum
numberof labeledobjects.

Relatedwork. Given � , let 576

�

�8� denoteamaximumindependentsetof W
� , andlet 9

�

��� denote
it size. We will use 9 to denote9

�

��� when � is clearfrom thecontext. We saythatanalgorithm
computesa : -approximationto 5;6

�

�8� if it computesanindependentsetof sizeat least 9

�

�8�=<>: .
For ageneralgraph W

���

	���� with ? vertices,therecannotbea polynomial-timeapproximation
algorithmwith approximationratiobetterthan ?

�A@CB for any D YR[ unlessNP= ZPP[14]. Currently
thebestalgorithmfor ageneralgraph®ndsanindependentsetof size E

�

9GFIHKJMLANO?P<$?Q� [7], where9

is thesizeof amaximumindependentsetin W .
However, for intersectiongraphsof geometricobjects,betterapproximationratiosarepossible.

If R is a setof intervals in � , thenthemaximumindependentsetof theintersectiongraphof R can
be computedin linear time. Computing5S6

�

�8� is known to be ]_^ -completeif � is a setof unit
disksor a setof orthogonalsegmentsin �

N

[16]. For unit disksin �

N

, a polynomialtime
�UT7V

D,� -
approximationschemewasproposedin [15]. For arbitrarydisks,independentlyErlebachetal. [11]
andChan[8] presenteda polynomialtime

�UT7V

DI� -approximationscheme.Theabove schemesfor
computingindependentsetof disksuseshifteddissection, which reliesheavily on thefact that the
geometricobjectsaredisks(or “f at” objects).A divide-and-conquer techniqueis usedfor thecase
of theintersectiongraphsof axis-parallelrectanglesin theplane,for which Agarwal et al. [2] pre-
senteda W

�

HKJML�?Q� -approximationalgorithmin time W

�

?XHKJML8?Q� . If therectangleshave unit height,
they describea

�UTYV

DI� -approximationschemewith runningtime W

�

?XHKJML�?

V

?

N�Z

B[@O�

� . Bermanet
al. [5] show thata HKJML]\Q? -approximationcanbecomputedin W

�

?

\

9

�

�8�A� time. RecentlyChan[9]
improved thesealgorithmsby describingan algorithmthat returnsa HKJML

\
9

�

�8� -approximationin
time W

�

?XHKJML�?

V

?_^

\

@O�

� , where X�`ba is any constant.Ef®cientalgorithmsareknown for other
classesof graphsaswell [3, 6].

In otherrelatedwork [17], it wasshown thattheproblemof recognizingintersectiongraphsof
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line segments,i.e., givena graph W , doesthereexist a setof segmentswhoseintersectiongraphis
W , is ]_^ -hard. Anotherwork relatedto oursis of PachandTardos[20]. Given a setof disjoint
objects(which couldbeline segmentsor convex shapes)in �

N

lying on asheetof glass,they study
thefollowing combinatorialquestion:by iteratively cuttingtheglassinto two separatesheetswith
a straightline, andthenrecursively thecuttingthetwo pieces,how many objectscanbeseparated
into differentsheetsof glass?Using decompositionschemessimilar to ours,they presentvarious
upperandlowerboundson thenumberof objectsthatcanbeseparated.

Our results. We ®rst presentapproximationalgorithmsfor a set � of ? segmentsin �

N

, all of
which intersectacommonverticalline. Weshow thatwecancompute1

� in W

�

?

�

� timeanindependentsetof � of sizeat least
�

9 , and

� in W

�

?��

Z

�

HKJML�� ?Q� timeanindependentsetof � of sizeat least 9

�

Z

� .

Using theseresults,we show that for an arbitraryset � of segmentsin �

N

, we cancomputean
independentsetof sizeat least

���

9Q<

�

a#HKJML

�

a>?P<>9 �A� in time W

�

?

�

� , or

�

�

9#<

�

a#HKJML

�

a>?P<>9 �A�A�

�

Z

� in time W

�

?��

Z

�

HKJML
�

?Q� .

We then extendour resultsto convex sets. Namely, for a family � of ? convex setsin �

N

, we
cancomputein W

�

?

�

V
	2�

���A� time anindependentsetof sizeat least
�

9#<>a#HKJML

�

a>?P<>9 �A�

�

Z

�

, assum-
ing thatcertainprimitive operations(namelysidednessandpairwiseobjectintersectionqueries)on
theseconvex setscanbeperformedby preprocessing� in

	2�

�8� time. Finally, for a setof ? rect-
angleswith maximumindependentsetof size �P? , for some�
�

T

, we computein W

�

?

�

� time,an
independentsetof sizeat leastE

�

�

N

?Q� .

Organization. In Section2 we describeapproximationalgorithmsfor a setof line segmentsin
�

N

. Section3 describesthealgorithmfor convex sets,andSection4 presentsapproximationalgo-
rithmsfor thecaseof axis-parallelrectangles.

2 Approximation Algorithms for Line Segments

Let � � ��� ��	������
	��
��� beasetof linesegmentsin �

N

. Let �

���

��	��

���

� denotethe � - and � -coordinates
of a point

�

")�

N

. Let �

�

� � (resp. �

�

�M� ) denotethe � -coordinateof theleft (resp.right) endpointof
thesegment �0" � , andlet �  denotetheslopeof �$ .

2.1 A � � -Approximation Algorithm

In this sectionwe assumethatall thesegmentsin � intersectthe � -axis. We alsoassumethat the
segmentsin � aresortedin increasingorderof their intersectionpointswith the � -axis,andweuse

1All logarithmsin this paperarebase2.
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Figure1: (a)Bold segmentsform anincreasing� -monotonesequence,(b) �
 '&

in solid (c) �
 

	��
&

	��

\

asin theproofof Lemma2.2.

� �

�

�
�

	������
	��
��� to denotethissortedsequence.

Wecall asubsequence�
/

�

�

�
 

�

	�������	��
  �

� of � � -monotone(seeFigure1(a))if

�

�
 

	

* �
 

�

�

.

for all
T

�"!$# X �&% .

�

�
 

	

# �
 

	

��� for all
T

�'!(#)% (called increasing � -monotone)or �
 

	

Y �
 

	

��� for all
T

�"!*#+% (calleddecreasing� -monotone).

Lemma 2.1 Let R

1

� bea subsequenceof pairwise-disjointsegments.Thereexistsan � -monotone
sequenceR

/
1

R of sizeat least � ,

R

, .

PROOF. By Dilworth's theorem[10], thereis a subsequenceR
/

of R suchthat the slopesof the
segmentsareeithermonotonicallyincreasingor monotonicallydecreasing,andthesizeof R

/

is at
least � ,

R

, . Sincethesegmentsin R arepairwisedisjoint, R

/

is � -monotone.

Wedescribeanalgorithmfor computingthelongest� -monotonesubsequenceof � . By Lemma2.1,
its size is at least �

9

�

�8� . Without loss of generality, we describehow to computethe longest
increasing� -monotonesubsequence;the sameprocedurecancomputethe longestdecreasing� -
monotonesubsequenceof � , andwe returnthelongerof thetwo.

We adda segment �

� to � suchthat it intersects� -axisbelow all thesegmentsof � , doesnot
intersectany segmentof � , �

�

# �
 

for all - `

T

, andit spansall the othersegmentsof � (i.e.,
�

�

�

�

�.# �

�

�
 [� and �

�

�

�

� Y �

�

�
 � for all
T

�/- � ? ). We addanothersimilar segment �
�10 � that

intersectsthe � -axis above all the othersegmentsin � , doesnot intersectany segmentin � , and
� �10 � Y �

 
for all - � ? .
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For [ � - #&! �3?

V�T

suchthat �� C*)�,&X�

.

and �� # � & , let �_ '&

1

� denotethesubsequenceof
segments�

\ s.t.

(S1) -�# X #"! ,

(S2) �  # �

\

# � &
,

(S3) �

�

�

\

� Y

�����

� �

�

�  ��	��

�

� & �A� ,

(S4) �  * �

\

�

.

and � & * �

\

�

.

.

SeeFigure 1(b) for an illustration of �  & . Let
�

�

-A	�!]�

1

�  '& denotethe longestincreasing� -
monotonesubsequenceof �O '& . If thereis more than one suchsequence,we choosethe lexico-
graphicallyminimumone. Set �

�

-A	�!]�S�

,

�

�

-A	�! �

, . We wish to compute
�

�

[]	�?

V T

� . Notethatby
de®nitionof �

� and �
�10 � , �

�	�

�10 ��


� � .

Lemma 2.2 For all [ �&-�#"! � ?

V3T

,

�

�

-A	�! � �

�����

�

�
�

�

� 	

�

�

-A	 X �

V

�

�

X 	�!]�

V3T

� (1)

PROOF. Let
�

�

-�	�!]� �

�

���

�

	�������	������
� . Let ����� be the segmentin

�

�

-�	�!]� with the leftmost left
endpoint, i.e., �

�

�
�

� � � �

�

�
�

�

� for all
T

� X ��� . Note that
�

�
�

�

	������
	��
�

�	�

�

�

1

�  
�

� and
�

�����

���

	�������	����
�

�

1

�����
& . Sinceeachof thesetwo subsequencesis � -monotoneand ���	� " �

 '& ,
�

�

-A	����]�8`�� �

T

and �

�

��� 	�!]�8`��!�"� . Therefore�

�

-A	�! � �#�

�

-A	��$�]�

V

�

�

���]	�!]�

V3T

andhence

�

�

-A	�! � �

�����

�

�
�

�

� 	

�

�

-A	 X �

V

�

�

X 	�!]�

V3T

�

Conversely, let �

\

" �
 &

. By de®nition of �

 

\ and �

\

&

(cf.
�

�

T

� –
�

�&%]� ), for all ��'b" �

 

\ and
��( " �

\

&

,

( - ) - # 9 # X # � #"! ,

( -�- ) �
 

# �)' # �

\

# �)($# �
&
,

( -�-�- ) �

�

��' ��	 �

�

��(�� Y �

�

�

\

� Y

�����

� �

�

�
 

��	 �

�

�
&

�A� ,

( - � ) �
'

*G�

\

�

.

, and ��( * �

\

�

.

.

SeeFigure1(c). As observedin [20], ( - )–(-�� ) imply thattheline �

\ supporting�

\ doesnot intersect
�

' and ��( . Indeed,( - ) & ( -�- ) imply that �

\ doesnot intersect�
' or ��( to theright of the � -axis,and

( -�-�- ) & ( -�� ) imply that �

\ doesnot intersect��' or ��( to the left of the � -axis. Since �*' and ��( lie
on theoppositesidesof �

\ , they neitherintersecteachother, nor �
 

or �
&
. Hence,thesegmentsin

�

�

-A	 X �,+

�

�

X 	�! � arepairwisedisjoint. Moreover, the fact that ��' and ��( do not intersect�
 or �

&

and
�

-A� –
�

-�� � imply that ��' and ��( satisfy
�

�

T

� –
�

�-%]� for �
 '&

. Hence�

 

\

+ �

\

&

1

�
 '&

.

Thereforethesequence
�

�

�

-A	 X �/.

�

�

\

�
.

�

�

X 	�!]�
� is an � -monotonesubsequenceof �

 & . Hence,

�

�

-A	�! ��`0�

�

-A	 X �

V

�

�

X 	�!]�

V T

�
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(b)(a) (c) (d)

���

���

� �

���

�

�

�

�

� �

���

� �

���

�

�

� �

� �

� �

�

�

���

Figure2: Thefour typesof � -monotonesequencesdescribedin Lemma2.4.

Thiscompletestheproofof thelemma.

We can compute �

�

-A	�! � using a dynamic-programmingapproach. We can computethe set �# '&

in W

�

?Q� time and �

�

-A	�!]� in anotherW

�

?Q� time, assuming�

�

-A	 X � and �

�

X 	�! � have alreadybeen
computed.Therefore,the total time spentin computing �

�

-A	�!]� for all
T

� -$# ! �

�

?

V T

� is
W

�

?

�

� . Puttingeverythingtogether, weconcludethefollowing.

Theorem 2.3 Givena set � of ? segmentsin �

N

, all intersectinga commonvertical line, an inde-
pendentsetof sizeat least �

9

�

�8� canbecomputedin time W

�

?

�

� .

2.2 A �

�

Z

� -Approximation Algorithm

We now presenta fasteralgorithmat theexpenseof a largerapproximationfactor. Thealgorithm
againtries to ®nd a large subsetof 5 6

�

�8� that hasa certainspecialstructure,which allows its
computationin polynomialtime. We assumethatall thesegmentsof � intersectthe � -axisandare
sortedin increasingorderby the � -coordinatesof their left endpoints.Let � �

�

�C�
	������
	��
�
� denote

thissequence.Let :
 bethe � -coordinateof theintersectionpointof �

 with the � -axis.

Lemma 2.4 Let R

1

� be a subsequenceof pairwise-disjointsegments.Thenthere existsa sub-
sequenceR

/ /

�

�

� ��	������
	����
� , such that R

/ / 1

R , ,

R

/ /

,

`

,

R

,

�

Z

� , and it hasoneof the following
properties:For all

T

�&-�#&% ,

(L1) �

�

�
 � # �

�

�
 
0 �

� and :  # :  
0 � (Figure 2(a)),

(L2) �

�

�
 

� # �

�

�
 

0 �,� and :
 

Y :
 

0 � (Figure 2(b)),

(L3) �

�

�
 � Y �

�

�
 
0 �

� and :  # :  
0 � (Figure 2(c)),

(L4) �

�

�
 

� Y �

�

�
 

0 �,� and :
 

Y :
 

0 � (Figure 2(d)).
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PROOF. By Dilworth's theorem,thereexists a subsequenceR
/ 1

R of lengthat least � ,

R

, such
that the � -coordinatesof theright endpointsareeithermonotonicallyincreasingor monotonically
decreasing.AgainapplyingDilworth's theoremto R

/

, onecan®nd asubsequenceR

/ / 1

R

/

of length
at least �

,

R

/

,

`

,

R

,

�

Z

� suchthat :  for �  " R

/ /

areeithermonotonicallyincreasingor monotonically
decreasing.

If R

/

is increasingand R

/ /

increasing(resp.decreasing),thenthesequenceis of type
�

T

(resp.
�

a ). If R

/

is decreasingand R

/ /

increasing(resp.decreasing),thenthesequenceis of type
���

(resp.
�

% ).

Wereferto a subsequenceof pairwise-disjointsegmentsof � thatsatis®esoneof
�

�

T

� –
�

�

%]� prop-
erty as an � -monotonesequence.The following propertyof � -monotonesequencesallows us to
computethemef®ciently.

Lemma 2.5 Let �

/

�

�

�M�
	������
	�� �
� bea sequenceof segmentssothat oneof theconditions

�

�

T

� –
�

�

%]� is satis�edand �
 

* �
 

0 � �

.

for all - . Then �

/

is an � -monotonesequence.

PROOF. It is clearthatfor segmentsof type
�

�

T

� –
�

�

%]� , two segments�
 
and �

&
, for -�#"!/�

T

, cannot
intersectwithout either �

 intersecting�
 

0 � or �
& intersecting�

&
@O� . Thereforeif �

 
* �

 
0 � �

.

for
all - , thenthesegmentsarepairwisenon-intersectingandhence� -monotone.

By Lemma2.5, the segmentsin any sequencesatisfyingoneof
�

�

T

� –
�

�

%]� arepairwisenon-
intersectingif theadjacentsegmentsdo not intersect(SeeFigure2).

Wepresentanalgorithmthat,givenasequence� of segments,computesthelongest� -monotone
subsequenceof eachtype.By Lemma2.4,thelongestof themis anindependentsetof sizeat least

�

9

�

�8�A�

�

Z

� . We describean algorithmfor computingthe longest� -monotonesubsequenceof type
�

�

T

� . Theotherscanbecomputedanalogously.

De®ne �[& to bethesetof segmentssuchthat �

\

" � & if
( - ) X #"! , ( -�- ) �

�

�

\

� # �

�

�
&

� , ( -�-�- ) :

\

# :
& , ( -�� ) �

\

* �
&

�

.

.

Let
�

�

! � be the longest� -monotonesubsequenceof �
& of type

�

�

T

� thatcontains�
& . Set �

�

!]� �

,

�

�

! �

, . Wewish to compute� ���

���
&

��� �

�

!]� .

Lemma 2.6 For
T

�"! � ? ,
�

�

! � �

�����

�

�
�

�

	

�

�

X �

V3T

�

PROOF. Let
�

�

! � �

�

���

�

	������
	����
�

�

&

� . Clearly
�

���

�

	������
	����

�

�

�

�

1

� �

�

�

� is an � -monotonese-
quence,and ���

�

�

�

" �
&
. Therefore �

�

���M@O��� ` � �

T

and �

�

!]� � �

�

X �

V T

for all �

\

" �
&
.

Conversely, Lemma2.5 implies that for any �

\

" �
& , thesequence

�

�

�

X �-. �
&

� is an � -monotone
sequence.Hence,�

�

!]�8`0�

�

X �

V3T

.
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A naiveapproachtakes W

�

?Q� time to computeeach�

�

! � , providedthat �

�

X � , for all X #"! , haveal-
readybeencomputed.This yieldsan W

�

?

N

� timealgorithm.Wenow describeamoresophisticated
approachby exploiting geometryto computeeach�

�

! � in W

�

?

�

Z

�

HKJML � ?Q� amortizedtime.
Let � & �

�

� ��	������
	�� &

� . We compute �

�

!]� sequentiallyfor ! �

T

����� ? , maintaininga data
structure� thatstoresall thesegmentsof � &

. Giventhesegment � & 0 � , thedatastructurereturns
�����

�

� �

�

	

���

�

�

X � . Oncewe have computed�

�

!]� , we insertthesegment � & togetherwith its weight
�

�

!]� into thedatastructure.Note thatafterwe have inserted�

�

!]� , thedatastructurestoresall the
segmentsin theset �4& 0 � .

We now describe� , a three-level datastructure,thatstoresa set � of weightedsegments.For
a querysegment � intersectingthe � -axis, it returnsthemaximumweightof a segment � in � so
that �

�

� � � �

�

�2��	��+* � �

.

, and � intersectsthe � -axisabove � . The®rst-level is abalancedbinary
searchtree ���

�

��� on the � -coordinatesof theright endpointsof thesegmentsin � . Let � � denote
the “canonical” subsetof segmentsstoredin the subtreerootedat � "��

�

�

�8� . For eachnode � ,
the second-level datastructureis a balancedbinary searchtree �

�

�

� � � on ��:

�

� �

,

� "	� �]� . Let
�

�




1

� � denotethesetof segmentsstoredin thesubtreerootedat � "��

�

�

� �]� . Finally, for theset
of segments�

�


 , we constructa segment-intersectiondatastructure�

�

�

�




� asdescribedin [1]. It
storesa family of canonicalsubsetsof �


 in a tree-like structure.Thetotal sizeof thedatastructure
is W

�

? �

Z

�

HKJML � ?Q� , andit canbeconstructedin W

�

? �

Z

�

HKJML�� ?Q� time. For a querysegment� , wecan
report in W

�

?

�

Z

�

HKJML�� ?Q� time the segmentsof �

�


 not intersecting� asa union of W

�

?

�

Z

�

HKJML�� ?Q�

canonicalsubsets.For eachcanonicalsubset


1

�

�


 , we storethe maximumweight ��� of a
segmentin 
 . Theoverall datastructure� canbeconstructedin time W

�

? �

Z

�

HKJML � ?Q� .
For a query segment � , we wish to report �����

�

�

� � , wherethe maximumis taken over all
segments� of � so that �

�

� � � �

�

�2� , � *�� �

.

, andthe intersectionpoint of � with the � -axis
lies below thatof � . We querythe®rst-level tree ��� with theright endpointof � andidentify a set

�

� of W

�

HKJML�?Q� nodessothat �

�

���

�

�
� is thesetof segmentswhoseright endpointslie to the left

of �

�

�2� . Next, for each � "

�

� , we computea set
�

N

�

�2� of W

�

HKJMLY?Q� nodess.t. �




���

�

�

�*


�

�


 is
thesetof segmentsof � � that intersectthe � -axisbelow � does.For each� "

�

N

�

�O� , we compute
the maximumweight �


 of a segmentin �

�


 that doesnot intersect� , using the third-level data
structure.Wereturn �����

�

���

�

�����




���

�

�

��


�


 . Thetotal timespentis W

�

?

�

Z

�

HKJML
�

?Q� .
Finally, we canusethe standarddynamizationtechniquesby Bentley andSaxe [4] to handle

insertionsin thedatastructure.Sincethedatastructurecanbeconstructedin W

�

?
�

Z

�

HKJML � ?Q� time,
theamortizedinsertiontimeis W

�

?

�

Z

�

HKJML
�

0 �

?Q� . However, in ourapplications,weknow in advance
all thesegmentsthatwe wantto insert– they arethesegmentsof � . Sowecansomewhatsimplify
thedatastructureasfollows. Settheweightof all segmentsto [ , andconstruct� onall thesegments
of � . Whenwewish to insertasegment,weupdateits weightandupdatetheweightof appropriate
canonicalsubsetsat thethird level of � . Omittingall thedetails,weconcludethefollowing.

Theorem 2.7 Givena set � of ? segmentsin �

N

, all intersectinga commonvertical line, onecan
computean independentsetof sizeat least 9

�

�8�

�

Z

� in time W

�

?
�

Z

�

HKJML �]?Q� .
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2.3 IndependentSetfor Arbitrary Segments

Let � be a setof arbitrarysegmentsin �

N

. We describea recursive algorithmfor computingan
independentsetof � . Let � betheverticalline passingthroughthemedian� -coordinateof theright
endpointsof segmentsin � , i.e.,at most � ?P<>a�� segmentshave their right endpointson eachsideof

� . We partition � into threesets,���P	 ��� and � 6 . ��� (resp. ��� ) is thesubsetof segmentsthat lie
completelyto theleft (resp.right) of � , and �Y6 is thesubsetof segmentswhoseinteriorsintersect� .

Wecomputeanindependentset R 6 of � 6 , andrecursively computeanindependentset R�� (resp.
R�� ) of �	� (resp. ��� ). Sincethesegmentsin ��� do not intersectany segmentsin �
� , R�� + R�� is an
independentsetof ��� +)��� . Wereturneither R

6

or R�� +GR�� , whichever is larger.
Supposeour algorithmcomputesanindependentsetof sizeat least �

�

?#	�9 � , where 9 �b9

�

�8� .
Let ?

�
�

,

�
�

,

	�?
�

�

,

�
�

,

	�9
�

� 9

�

�
�

��	�9
�

� 9

�

�
�

� and 9Q6�� 9

�

� 6�� . Supposethealgorithm
for computinganindependentsetof �

6 returnsa setof sizeat least 


�

9
6

� . Then

�

�

?#	�9 ��`

� ���

���

�

?��2	�9
�P�

V

�

�

?�� 	�9�� ��	�


�

9

6

�A� 	

where 9
�

V

9��

V

9Q60` 9 , ?��P	�?��
�3?P<>a , ?��4` 9�� , and ?�� `39�� . Since� and 
 aresub-linear
functions,it canbearguedthat

�

�

?#	�9 �8`

� ���

���

�

?P<>a 	�9 � 9

6

��	�


�

9

6

�A� � (2)

Wenow show thatthesolutionto theabove recurrenceis

�

�

?#	�9 �8`�


�

9

a#HKJML

�

a>?P<>9 ���

�

Expanding(2), we obtain

�

�

?#	�9 �8`

� ���

���

�

?P<>a 	�9 ��9 ����	�


�

9 ���A�

`

� ���

���

�

?P<>a
N

	�9 � 9
�

��9

N

��	�


�

9
�

��	�


�

9

N

�A�

...

`

� ���

���

�

?P<>a

&

	�9 �

&

�

 

�

�

9
 

��	�


�

9 �
��	������
	�


�

9
&

�A�

`

� ���

��


�

9 ����	������
	�


�

9

�

�A�

where� is thedepthof recursionand �

�

 

�

�

9
 

� 9 . Moreover, for all ! ,

?

a

&

` 9 �

&

�

 

�

�

9
 

� (3)

Weclaimthat
�����

���
 

�

�

9
 

`

9

a#HKJML

�

a>?P<>9 �

�

Indeedif it werenot true, then �0` a#HKJML

�

a>?P<>9 � . Thenfor !�� HKJML

�

a>?P<>9 � , ?P<>a

&

� 9Q<>a , while
9 ���

&

 

�

�

92 Y 9 �

&
'

N������

�

N

�

Z

' 


� 9Q<>a , therebycontradicting(3). Theproof thenfollows.
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���

��	

� �

���

�

�

�

�

�

�

(a) (b) (c)

Figure3: (a) Sequencesof type
����T

� (bold) and
���

a � (dashed)(b) Sequenceof type
���

�

� , (c) �# '&

(solid)

If we cancomputethe independentsetof ��6 in time �

�

?Q� , thenthe runningtime of the algo-
rithm is W

�

�

�

?Q��HKJMLY?Q� . If �

�

?Q� ` ?

��0_B , thentherunningtime is W

�

�

�

?Q�A� . Hencewe concludethe
following.

Theorem 2.8 Let 
 bea setof % segments,all of which intersecta commonvertical line. Suppose
wecancomputean independentsetof 
 of sizeat least 


�

9

�


0�A� in time �

�

% � . Thenfor anyset �

of ? segmentsin �

N

, wecancomputean independentsetof sizeat least 


�

9#<>a#HKJML

�

a>?P<>9 �A� where
94� 9

�

�8� . Therunningtimeis W

�

�

�

?Q�A� if �

�

?Q� ` ?

��0_B , and W

�

�

�

?Q��HKJML�?Q� otherwise.

Corollary 2.1 For a set � of ? segmentsin �

N

, onecancomputean independentsetof sizeat least
( - )

�

9Q<>a#HKJML

�

a>?P<>9 �A�

�

ZUN

in time W

�

?

�

� and( -�- )
�

9Q<>a#HKJML

�

a>?P<>9 �A�

�

Z

� in time W

�

? �

Z

�

HKJML
�

?Q� .

3 IndependentSetfor Convex Objects

Wenow describehow theresultsof theprevioussectioncanbeextendedto ®nd anindependentset
in a setof convex objectsin �

N

. Let � � ��� �
	������
	��
��� be a setof convex objectsin �

N

, andlet
5�6

�

�8� beamaximumindependentsetof � . As for segments,wedescribeanalgorithmfor thecase
in whichall objectsin � intersectthe � -axis.Wecanthenusetheapproachin Section2.3to handle
thegeneralcase.De®ne �

�

�
 

� (resp. �

�

�
 

� ) to bethesmallest(largest) � -coordinateof all thepoints
�

")�
 . Let :

 bethemaximum� -coordinateof theintersectionof �
 with the � -axis.Againassume

that � is sortedin increasingorderof the � -coordinatesof theleftmostendpoints.An applicationof
Dilworth's theoremsimilar to Lemma2.4givesthefollowing.

Lemma 3.1 Given a set R

1

� of pairwise-disjointconvex objects,there exists a subsequence
R

/

�

�

�
�

	������
	��
� � , where ,

R

/

,

`

,

R

,

�

Z

�

and R

/

hasoneof thefollowingstructure: For all
T

�+-�#&%

(C1) �

�

�
 

� # �

�

�
 

0 �,� and :
 

# :
 

0 � (Figure 3(a)),or
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(C2) �

�

�
 � # �

�

�
 0 � � and :  Y :  0 � (Figure 3(a)),or

(C3) �

�

�
 � Y �

�

�
 0 � � (Figure 3(b)).

Sequencessatisfyingcondition
����T

� or
���

a � canbecomputedusinga dynamicprogrammingap-
proachsimilar to theonein Section2.2. We outline thealgorithmfor computinga longestsubse-
quenceof type

���

�

� .

For
T

� -�# ! � ? suchthat �  *4� & �

.

, let �  '&

1

� denotethe subsequenceof segments�

\

sothat

( - ) :  # :

\

# : & ,

( -�- ) � ���

� �

�

�
 

��	��

�

�
&

�A� # �

�

�

\

��# �

�

�

\

� #

�����

� �

�

�
 

��	��

�

�
&

�A� , and

( -�-�- ) �
 

* �

\

�

.

and �
&

* �

\

�

.

.

SeeFigure3(c). Let
�

�

-A	�!]�

1

�
 &

denotethelongestsubsequenceof type
���

�

� of �
 '&

. Set �

�

-�	�!]� �

,

�

�

-A	�! �

, . Thenwecanprove thefollowing.

Lemma 3.2 For all
T

�&-�#"! � ? ,

�

�

-A	�! � �

�����

�

�
�

�

� 	

�

�

-A	 X �

V

�

�

X 	�!]�

V3T

� (4)

We cancompute�

�

-A	�!]� usinga dynamic-programmingapproach.Assuming �

�

-A	 X � and �

�

X 	�!]�

havealreadybeencomputed,weonly needto computetheset �
 '&

. Supposewecanpreprocess� in
time

	2�

�8� sothatwe have the following informationat our disposal:( ^

T

) �

�

�  [��	��

�

�
 =��	�:  for each
�

 
" � , ( ^0a ) whether�

 
* �

&
�

.

for each�
 

	��
&

" � . Thentheset �
 '& canbecomputedin time

W

�

?Q� . Hence,we cancompute�

�UT

	�?Q� in W

�

?

�

V 	2�

�8�A� time. Pluggingthis procedureinto the
recursive schemeof Section2.3we obtainthefollowing.

Theorem 3.3 Let � be a set of ? convex objectsin �

N

so that ( ^

T

)-( ^0a ) can be computedin
	2�

�8� time. Thenan independentsetof sizeat least
�

9Q<>a#HKJML

�

a>?P<>9 �A�

�

Z

�

canbe computedin time
W

�

?

�

V
	2�

���A� .

4 IndependentSetfor Axis-Parallel Rectangles

Let � � ���
�

	������
	��
�

� beasetof ? rectanglesin �

N

, andlet ^

�

��� denotethesizeof thelargestclique
in the intersectiongraphof � . Without lossof generality, we canassumethat no rectanglecom-
pletelycontainsany anotherrectangle.We®rst considertwo specialcasesof rectangleintersection
graphs— thepiercing andnon-piercing intersectionsubgraphs,derivedby de®ningthe following
partialorderamongtherectangles.

Given two rectangles�
� and �

N

, �
���

�

N

if and only if �
� intersectsboth vertical edgesof

�

N

, and �

N

intersectsboth horizontaledgesof � � (SeeFigure4(a)). Clearly, if � �
�

�

N

, then � �

and �

N

intersect,andneithercontainsany vertex of theother. Note that � is a transitive relation:
� �

�
�

N

�
�

� implies � �
�

�

� . If � �
�

�

N

, wesaythat � � and �

N

pierce, andthat �

N

is piercedby ��� .
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(a) (b) (c)

� �

�

N

�

�

Figure4: (a) ���
�

�

N

�
�

� , (b) Theset �

/

(solid)andtheset R

/

(dashed),(c) Mappingrectanglesin
�

/

to vertices,andrectanglesin R

/

to edges.

4.1 Piercing and Non-Piercing RectangleIntersection Graphs

Givena set � , therelation � partitionstheedgesin theintersectiongraph W � into two sets�(� and
�

N

: givenanedge���C	��
�+" �

�

W(�O� , ����	��
�+")�X� if �
�

� or �
�

� , and ����	��
� " �

N

otherwise.

Piercing Intersection Graphs. De®nethepiercingintersectiongraphof � asthedirectedgraph
W��0�

���

	���� , i.e.,eachvertex in
� �

W��]� correspondsto arectanglein � , andthereis adirectededge
�

�C	��
� betweentwo vertices� and � if � is piercedby � , i.e.,
�

�C	��
�8" �

�

W��]� if andonly if �
�

� .

Lemma 4.1 Givena set � of ? rectanglesin �

N

, let W�� bethepiercing graphof � . Then^

�

W�� � F

9

�

W��]�8` ? , andtheoptimalindependentsetin W�� canbecomputedin polynomialtime.

PROOF. It follows from the transitivity of � that W�� is a transitive graph. It is a well-known fact
that all transitive graphsareperfectgraphs,i.e., for every inducedsubgraphof W , the sizeof the
maximumcliqueequalsthechromaticnumber. Thereforetheverticesof W

� canbepartitionedinto
^

�

W�� � subsets,eachof which is an independentset in W�� . Sincethe largestsubsethasat least
?P<�^

�

W
�

� vertices,we concludethat ^

�

W
�

�PF
9

�

W
�

��` ? .
By a classicalresultof Grötschelet al. [13], a largestindependentsetof a perfectgraphcanbe

computedin polynomialtime.

Non-Piercing Intersection Graphs. We now considerthecaseof pairwisenon-piercingrectan-
gles.Let � beasetof ? rectanglessuchthatnotwo rectanglespierce(althoughthey couldintersect);
theintersectiongraphof � is calledthenon-piercingintersectiongraphanddenotedas W

�	� . First,
notethatcomputingtheoptimalindependentsetof � remainsNP-hardsincetheconstructionin [22]
proving theNP-hardnessfor intersectiongraphsof rectanglesusesonly non-piercingrectangles.

Wecall asubset�

/

� ���
 

�

	������
	��
 

�

�

1

� r-maximalif it satis®esthefollowing four conditions:

(A1) �

/

is anindependentset,
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(A2) Every ��")���7�

/

intersectssome�

/

" �

/

,

(A3) For each�

/

" �

/

, thereis at mostonerectangle� "G5S6

�

�8� suchthat � intersects�

/

anddoes
not intersectany otherrectanglein �

/

, and

(A4) For every pairof disjoint rectangles�

/

	 �

/

" �

/

, thereareat mosttwo rectangles� 	 �7"4���S�

/

suchthat �Y* � �

.

, and ��	 � intersectboth �

/

and �

/

, andno otherrectanglein �

/

.

Lemma 4.2 Let �

/

� ���  

�

	������
	��  �

�

1

� be an � -maximalset. Then ,

�

/

,

` 9

�

�8�=<>:

� , where
:

�

�

TMT

.

PROOF. Let R � 5 6

�

�8� be thesetof rectanglesin themaximumindependentset. We will charge
eachrectanglein R to a rectanglein �

/

suchthateachrectanglein �

/

is chargedat mosta constant
:

� times.Thelemmathenfollows.
Let � bea rectanglein R . By maximalitycondition

�


 a � , � intersectsat leastonerectanglein
�

/

, andsincetherectanglesin � arepairwisenon-piercing,� doesnot pierceany rectanglein �

/

.
We charge � to a rectanglein �

/

asfollows. First, if � " �

/

, we charge � to itself. Clearly, each
rectanglein �

/

*GR receivesonly oneunit of charge.Otherwise,wecharge � asfollows:

C1. � only intersectsonerectangle�

/

"4�

/

. Charge � to �

/

. By condition
�




�

� , eachrectanglein
�

/

receivesat mostoneunit of charge.

C2. � intersects�

/

in a corner(i.e., � containsa vertex of �

/

). Charge � to �

/

. Since R and �

/

are
independentsets,eachrectanglein �

/

receivesatmostfour unitsof charge.

Let R

/
1

R bethesetof rectanglesof R thathave not yet beencharged.Thusfar eachrectangle
in �

/

hasreceived at most5 charges,so therefore ,

R�� R

/

,

���

,

�

/

,

� We now boundthenumberof
rectanglesin R

/

. R

/

hasthefollowing property:eachrectanglein R

/

intersectsexactly two rectangles
in �

/

(seeFigure4(b));C1andC2above dealwith all otherintersectionpossibilities.Wemapeach
rectanglein �

/

and R

/

to a vertex andanedge,respectively, by constructinga bipartitemulti-graph
W��	�O�

���

	���� whereeachvertex in
�

correspondsto arectanglein �

/

, andthereis anedgebetween
�

& and �

\ if thereis a rectangle� " R

/

that intersectsboth �
 

	 and �
 

� . Clearlyeachrectanglein R

/

mapsto anedgein W
�	�

.
Wenow show that W

�
�

isaplanarmulti-graphasfollows. Replaceeachrectangle�

/

" �

/

with its
center:

�

�

/

� , andeachrectangle� ")R

/

with a polygonalcurve (consistingof threepiecewise-linear
segments)asillustratedin Figure4(c). It is clear, giventheindependencepropertyof therectangles
in R

/

and �

/

, thattheabove embeddingis non-intersecting.HenceW
�	� is aplanarmulti-graph.
For a planargraph,thenumberof edgesis at mostthricethenumberof vertices.Since W��	� is a

planarmulti-graphwith atmosttwo edgesbetweenany pairof verticesby condition(A4), wehave
,

R

/

,

�

,

�

,

�
�

,

�

,

���

,

�

/

,

� Hence,combiningthebounds,

,

R

,

�

,

R

/

,

V

,

R���R

/

,

�
�

,

�

/

,

V

�

,

�

/

,

�

TMT

,

�

/

,

�
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Lemma 4.3 Givena set � of ? rectanglesin �

N

such that no two rectanglespierce, let W �	� de-
note the corresponding(non-piercing) intersectiongraph. Then ^

�

W � � �;F�9

�

W �	�]� `

�

�

, and a
:

� -approximationto themaximumindependentsetcanbecomputedin polynomialtime,

PROOF. First, by Turán's Theorem[19], thereexists an independentsetof size at least ?

N

<

,

�

, .
Second,for eachedge%X� ���  	�� & � , dueto thepropertiesof non-piercinggraphs,either �  

contains
a vertex of � & or vice versa. Let :  denotethe numberof timesrectangle�  's vertex is contained
in anotherrectangle.If �  containsa vertex of � & , charge theedge % to vertex � & by incrementing

:U& , otherwiseincrement:I . Clearly, �

�

 

�

�

:  �

,

�

, , andhencethereexists a rectangle�

\ whose
verticesarecontainedin morethan ,

�

,

<$? rectangles,andthereforeat leastonevertex containedin
morethan ,

�

,

<�% ? rectangles.Theserectanglessharea commonpoint, andthusform a clique of
sizegreaterthan ,

�

,

<�% ? . Hence,

^

�

W � � �2F�9

�

W �	�]� `

?

N

,

�

,

F

,

�

,

% ?

�

?

%

�

We describean iterative algorithmto computea � -maximalset, which, by Lemma4.2, is a
constant-factorapproximationof themaximumindependentsetof W�� . In thebeginningof the - -th
iterationthealgorithmmaintainsa set �

 
of - pairwise-disjointsegments.In the - -th iteration,the

algorithmcheckswhetherconditions(A2)–(A4) aresatis®ed.If theansweris yes,we return �
 , as

it is a � -maximalset.Otherwise,

1. Condition(A2) violated.Thenthereexistsaset �0" ���P�

/

thatdoesnot intersectany �

/

" �

/

.
Set �

 
0 ��� �

 
+)��� � .

2. Condition(A3) violated.Thenthereexist two disjoint rectangles��	 � " � � �

/

that intersect
some�

/

" �

/

but no otherrectanglein �

/

. Set �
 

0 �8���
 

� ���

/

� + ��� 	 � � .

3. Condition(A4) violated. Thenthereexist threepairwise-disjointrectangles��	 �,	 � " � � �

/

thatall intersect�

/

	 �

/

" �

/

, but no otherrectanglein �

/

. Set �
 

0 � � �
 

� ���

/

	 �

/

� + ����	 �,	 �O� .

It is clear that �
 

is a setof pairwise-disjointsegments. The processcancontinuefor at most ?

iterations,andthe®nal set �
& is obviouslya � -maximalset.Sinceeachof theconditions(A2)–(A4)

canbecheckedin polynomialtime, thetotal runningtime is polynomial.

4.2 GeneralRectangleIntersection Graphs

CombiningLemma4.1andLemma4.3,weattainthefollowing.

Lemma 4.4 Givena set � of ? rectanglesin �

N

, an independentsetof sizeat least
'

�

��


�

�

�

�)�

��


, for
someconstant

�

�

� %�:

�

� % % , canbecomputedin polynomialtime.

PROOF. By Lemma4.1,computethemaximumindependentset,say 


1

� , in thepiercinggraph
of � . Notethefollowing:
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�

-U�

,




,

` 9

�

�8� asanindependentsetin � is anindependentsetin piercinggraphof � , and
�

-�-U� ^

�


0� � ^

�

��� , sinceacliquein 
 is a cliquein � .

By Lemma4.3, 9

�


(�QF
^

�


0��`

,




,

<�% . Hence,using
�

-A� and
�

-�-A� above, it follows that 9

�


(�7`

,




,

<�%M^

�


(�7` 9

�

�8�=<�%M^

�

�8� . Sincetheintersectiongraphof 
 is non-piercing,Lemma4.3givesan
algorithmwhich returnsanindependentsetof sizeat least9

�


0�=<>:

�

` 9

�

���=<�%�:

�

^

�

�8� .

Fromnow on, let 9

�

�8�#� �2? , for some� �

T

.

Theorem 4.5 Given � with 9

�

�8�X� �2? , onecancomputean independentsetof size
'

�

��


� �

�

�

�

�

Z

( 


in
polynomialtime.

PROOF. Thealgorithmrepeatedlyextractslarge cliques(onecancomputethemaximumclique in
rectangleintersectiongraphsin polynomial time [16]) until a good independentset is found, as
follows. Set �

�

��� , andlet �
 bethesetof rectanglesin the - -th iteration.For now assumethatthe

valueof � is known. At the - -th iteration,if thereexistsaclique � of sizeatleasta < � , remove � from
�

 , i.e.,set �
 

0 �����
 

� � , andreiterate.If nosuchcliqueexists,computethemaximumindependent
set,say 
 , in thepiercinggraphof �

 
, andreturnthemaximumindependentsetin 
 . Assumethe

algorithmstopsafter ! iterations,i.e. ^

�

�
&

� � a < � . Notethat ! � ?P<

�

a < �#� ���2?P<>a+� X�<>a . Since
at mostonerectanglefrom the independentsetcanbe in a clique,eachiterationremovesat most
onerectanglefrom theoptimalindependentsetof � , hence9

�

�_&M��` X � ! . FromLemma4.4,one
canthuscomputeanindependentsetof sizeat least

9

�

�
&

�

�

�

^

�

�
&

�

`

X � !

�

�

�

a < �#�

`

X � X�<>a

�

�

�

a < � �

�

X

�

%

�

�

< �#�

	

yieldingthedesiredresult.Notethatwedonotknow thevalueof � , but canruntheabovealgorithm
for all the ? possiblevalues,andreturnthemaximum.

5 Conclusions

In this paperwe have presentedalgorithmsfor approximatingthemaximumindependentsetin the
intersectiongraphsof convex objectsin theplane.Theapproximationratio is betterif theconvex
objectsareline segments.

All the algorithmsdescribedin this paperhave the sameoverall approach.They ®rst prove
the existenceof a large independentsubsetwith somespecial(separator-like) properties. They
thenshow that this subsetcanbecomputedexactly from amongtheentireset(we useddynamic-
programming).Oneapproachtoward improving theseresultsis to show theexistenceof indepen-
dentsubsetsof largersize,whicharestill computablein polynomialtime.

Weleave it asanopenproblemwhethertheapproximationratioscanbeimproved.In particular,
is it possibleto designa

�

9 -approximationalgorithmfor the caseof generalconvex objects(all
intersectingaverticalline)? Similarly, is it possibleto approximatetheindependentsetof line seg-
mentsbetterthan

�

9 . For axis-parallelrectangles,devising analgorithmwith approximationratio
�

�

HKJML�?Q� remainsanintriguingopenproblem.Wehavemadeasteptowardcrossingthelogarithmic
boundin this paper, but ageneral-caseconstant-factoralgorithmremainselusive.
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