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Abstract. The intersectiongraph of a setof geometricobjectsis de�ned asa
graph �����	��

��� in which thereis an edgebetweentwo nodes����
�������� if
� ��� � ������ . Theproblemof computinga maximumindependentsetin the in-
tersectiongraphof a setof objectsis known to be  "! -completefor mostcases
in two andhigherdimensions.Wepresentapproximationalgorithmsfor comput-
ing a maximumindependentsetof intersectiongraphsof convex objectsin #%$ .
Speci�cally, givena setof & line segmentsin theplanewith maximumindepen-
dentsetof size ' , we presentalgorithmsthat �nd an independentsetof sizeat
least( ( ) �)'+*-,/.1032+�	,4&5*-'+�
�7698�$ in time :;�<&�=4� and( (	( ) �)'+*3,�.1032+�	,4&>*�'+�
�7698�? in time
:;�<& ?�8�= .1032A@+&5� . For a setof & convex objectswith maximumindependentset
of size ' , we presentan algorithmthat �nds an independentsetof sizeat least
�)'+*-,/.10-2+�	,�&5*-'+�
�7698�= in time :;�<&�=CBED>�	�/�
� , assumingthat � canbepreprocessed
in time D>�	�/� to answercertainprimitiveoperationson theseconvex sets.

1 Intr oduction

An independentsetof a graphis a subsetof pairwisenonadjacentnodesof thegraph.
The maximum-independent-setproblemasksfor computinga largestindependentset
of a given graph.Computingthe largest independentset in a graphis known to beFHG

-completeevenfor many restrictedcases(e.g.planargraphs[11], bounded-degree
graphs[19], geometricgraphs[20]). Naturally, theattentionthenturnedtowardapprox-
imating the largestindependentset in polynomial time. Unfortunately, the existence
of polynomial-timealgorithmsfor approximatingthe maximumindependentsetef®-
cientlyfor generalgraphsis unlikely [12]. However, ef®cientapproximationalgorithms
areknown for many restrictedclassesof graphs.For planargraphs,approximational-
gorithmsexist thatcancomputean independentsetof sizearbitrarily closeto thesize
of themaximumindependentset.Noting thata graphis planarif thereexists a setof
unit disksin theplanewhosecontactsgive theedgesof theplanargraph[17], anatural
directionis to investigatethe independent-setproblemfor thegraphsinducedby a set
of geometricobjects.The intriguing questionthereis whether(and what) geometric
natureof objectsaidsin ef®cientcomputationof maximumindependentset.Onesuch
I
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family of graphsarisingfrom geometricobjectsthathavebeenstudiedaretheso-called
intersectiongraphs.

Given a set ���������	��
�
�
��
�	��� of geometricobjectsin ��� , the intersectiongraph
of � , �����������
��� is de®nedasfollows: eachnode �! #"$� correspondsto theobject
�� and %& (')"*� if �	 ,+��-'/.�10 . A subset��2435� is an independentset in ��� if for
every pair of nodes�6 7�8�	'9":�;2 , �	 <+/�='>�?0 . For brevity, we say “independentset
of � ” whenwe mean“independentsetof the intersectiongraphof � ”. In this paper,
we presentapproximationalgorithmsfor the independent-setproblemon intersection
graphsof line segmentsandconvex objectsin theplane.

Besidesthe inherentinterestmentionedabove, independentsetsof intersection
graphshave foundapplicationsin maplabelingin computationalcartography[2], and
frequency assignmentin cellularnetworks[16]. For example,in themap-labelingprob-
lem,wearegivenasetof labelsof geometricobjects,andthegoalis to placethemaxi-
mumnumberof labelsthatarepairwisedisjoint.Computingthemaximumindependent
setof theselabelsyieldsa labelingwith themaximumnumberof labeledobjects.

Relatedwork. Given � , let @BAC�D�E� denotea maximumindependentsetof the intersec-
tion graphof � . De®ne FG�����H�JI @ A �D����I . We will use F to denoteFG����� if � is clear
from thecontext. We saythatanalgorithmcomputesa K -approximationto @#AC�D�E� if it
computesanindependentsetof sizeat least FG�����7LMK .

For a generalgraph �N�����
��� with O vertices,therecannotbe a polynomial-time
approximationalgorithmwith approximationratiobetterthan O �QPSR for any T#UWV unless
NP = ZPP[12]. Currentlythebestalgorithmfor a generalgraph®ndsanindependent
setof size XY�DF�Z8[]\6^`_SOaL�OG� [6], whereF is thesizeof amaximumindependentsetin � .

However, for intersectiongraphsof geometricobjects,betterapproximationratios
arepossible.If b is a setof intervals in � , thenthe maximumindependentsetof the
intersectiongraphof b canbecomputedin linear time.Computing@#A6����� is known to
be

FHG
-completeif � is a setof unit disksor a setof orthogonalsegmentsin � _ [14].

For unit disksin � _ , a polynomialtime �8c#d*T-� -approximationschemewasproposed
in [13]. For arbitrarydisks,independentlyErlebachet al. [10] andChan[7] presented
a polynomialtime �ec4dfT-� -approximationscheme.The above schemesfor computing
independentset of disks useshifteddissection, which reliesheavily on the fact that
the geometricobjectsaredisks.A divide-and-conquertechniqueis usedfor the case
of theintersectiongraphsof axis-parallelrectanglesin theplane,for whichAgarwal et
al. [2] presenteda gY�h[]\6^iOG� -approximationalgorithmin time gY�jOk[]\6^iOG� . If the rect-
angleshave unit height,they describea �ecldmT-� -approximationschemewith running
time gY�jOk[]\6^iOnd/O _
o RePS� � . Theseresultshave recentlybeenimproved(andsimpli®ed)
in Chan[8]. Ef®cientalgorithmsareknown for otherclassesof graphsaswell [3, 5].

In otherrelatedwork [15], it wasshown thattheproblemof recognizingintersection
graphsof line segments,i.e.,givena graph� , doesthereexist a setof segmentswhose
intersectiongraphis � , is

FHG
-hard.

Our results. Themainresultsof this paperaretwo approximationalgorithmsfor a set
� of O segmentsin � _ , all of which intersecta commonverticalline. We show thatwe
cancompute1

1 All logarithmsin this paperarebase2.



– in gY�hO��&� timeanindependentsetof � of sizeat least
� F , and

– in gY�hO�� o �S[]\6^�� OG� time anindependentsetof � of sizeat least F � o � .

Using theseresults,we show that for an arbitrary set � of segmentsin � _ , we can
computeanindependentsetof sizeat least

– � F L	�;[ \C^ �
�MOaLMF�� in time gY�hO � � , or
– �DF L	� []\6^ �
��OaL6F �7� � o � in time gY�hO�� o �,[]\6^�� OG� .

Finally, we extend our resultsto convex sets.Namely, for a family � of O convex
setsin � _ , we cancomputein gY�hO��4d�
,�����8� time an independentsetof sizeat least
�DF L	� []\6^ ����OaL6F �7� � o � , assumingthatcertainprimitiveoperations(namelysidednessand
pairwiseobjectintersectionqueries)on theseconvex setscanbeperformedby prepro-
cessing� in 
,�D��� time.

The paperis organizedas follows. In Section2 we describethe
� F -approximation

algorithmsetof segmentswith averticalstabbingline,andin Section3 wedescribethe
F � o � -approximationalgorithm.Section4 showshow to extendtheseresultsto arbitrary
segments,andSection5 describesthealgorithmfor convex sets.

2 A � � -Approximation Algorithm for Segments

Let �9� ���&�&��
�
�
��Q����� bea setof line segmentsin theplane.Let �<��� �-���S����� denotethe
� - and � -coordinatesof a point �9"W� _ . Let �7�D�&� (resp. � �D�&� ) denotethe � -coordinate
of the left (resp.right) endpointof thesegment � "f� , andlet �  denotetheslopeof
�  . We assumethatall thesegmentsin � intersectthe � -axis.We alsoassumethat the
segmentsin � aresortedin increasingorderof their intersectionpointswith the � -axis,
andweuse �>����� � ��
�
�
��
� ��� to denotethissortedsequence.

We call a subsequence��2�������  �&��
�
�
��
�	 "! � of � � -monotone(seeFigure1(a))if

– �	 �#�+ �	 "$ � 0 for all c&%('*)�+,%.- .
– �  /#0)1�  �#�23� for all c4%5'6)7- (calledincreasing� -monotone)or �  �# U1�  /#
2�� for

all c&%('8).- (calleddecreasing� -monotone).

Lemma 1. Let b 3m� bea subsequenceof pairwise-disjointsegments.There existsan
� -monotonesequenceb`2S3fb of sizeat least � I b�I .
PROOF. By Dilworth's theorem[9], thereis a subsequenceb 2 of b suchthattheslopes
of thesegmentsareeithermonotonicallyincreasingor monotonicallydecreasing,and
the sizeof b 2 is at least � I b I . Sincethe segmentsin b arepairwisedisjoint, b 2 is � -
monotone.

We describean algorithmfor computingthe longest � -monotonesubsequenceof
� . By Lemma1, its size is at least � Fa�D��� . Without lossof generality, we describe
how to computethe longestincreasing� -monotonesubsequence;the sameprocedure



�����
(a)

�����
(c)

� �

� �
���	�

6


��

��


���

� �

���
�����
(b)

� �	�
6 � �

� ����

Fig.1. (a) Bold segmentsform anincreasing� -monotonesequence,(b) � � � in solid (c) � � 
7� � 
�� �
asin theproofof Lemma2.

cancomputethe longestdecreasing� -monotonesubsequenceof � , andwe returnthe
longerof thetwo.

Weaddasegment��� to � suchthatit intersects� -axisbelow all thesegmentsof � ,
doesnot intersectany segmentof � , ��� ) �  for all ��� c , andit spansall theother
segmentsof � (i.e., �8�����&� ).�7�D�	 D� and � �������BU5� �D�	 � for all c&%�� %WO ). Weaddanother
similar segment � ���a� that intersectsthe � -axisaboveall theothersegmentsin � , does
not intersectany segmentin � , and �����a� U��  for all � %9O .

For V�%��6) '1% O d c suchthat �  + � ' � 0 and �  ) � ' , let �  (' 3 � denote
thesubsequenceof segments��� s.t.

(S1) � ).+,) ' ,
(S2) �  )���� )�� ' ,
(S3) �8�D� � �BU! #"%$�� �7�D�	 D�=� �7�D�='	�Q� ,
(S4) �	 + � � �m0 and �='i+ � � � 0 .
SeeFigure1(b)for anillustrationof �  ' . Let & �'�Q� ' �B3 �  (' denotethelongestincreasing
� -monotonesubsequenceof �  (' . If thereis morethanonesuchsequence,wechoosethe
lexicographicallyminimumone.Set (<�'�Q� ' � � I & �'�Q��'`��I . We wish to compute& �DV �8Ond
c	� . Notethatby de®nitionof �)� and � ���a� , � ��* ���<��+ �m� .

Lemma 2. For all V4%,� ) '8%9ONd*c ,
(<�'�Q��'`�E�- #"%$. $	/ ��0 # (<�'�Q� + �ad�(<�
+S��'`�Gd*c6
 (1)

PROOF. Let & �1�Q��'`�k� �D�	2 ����
�
�
=�Q�3254 � . Let �	256 be thesegmentin & �'�Q��'`� with the left-
mostleft endpoint,i.e., �8���%256 � %.�7�D�	2 $�� for all c&%7+*%,7 . Notethat ���	2 �&��
�
�
=�Q�	25698 � � 3



�  296 and ���	256 23� ��
�
�
��Q�3254 � 3f� 256 ' . Sinceeachof thesetwosubsequencesis � -monotone
and �	296Y" �  ' , (a�1�Q� ��� � � ��� c and (<� ��� � '`� �!7 ��� . Therefore(<�'�Q��'`��� (<�'�Q� ��� �Sd
(a� ��� � '`�,d c andhence

(<�'�Q��'`� %  #"%$. $	/ ��0 # (<�'�Q� + �ad�(<�
+S��'`�Gd*c6


Conversely, let �	� " �  (' . By de®nitionof �  � and � � ' (cf. ��� c	� – �D�
	`� ), for all ��� " �  �
and ��
 " � � ' ,
( � ) � )�� )7+*)�� )(' ,

( � � ) �  )�� � )5� � ).��
 )5� ' ,
( � � � ) �8��� � �-� �8����
 � U.�8��� � �BU! #"%$�� �7�D�	 D�=� �7�D�='	�Q� ,
( � � ) ����+ �3�l� 0 , and � 
 + �3� �m0 .
SeeFigure1(c).As observedin [18], ( � )–(� � ) imply thattheline � � supporting� � does
not intersect� � and ��
 . Indeed,( � ) & ( � � ) imply that � � doesnot intersect� � or ��
 to the
right of the � -axis,and( � � � ) & ( � � ) imply that � � doesnot intersect� � or ��
 to theleft
of the � -axis.Since � � and ��
 lie on theoppositesidesof � � , they canneitherintersect
eachother, norcanthey intersect�  or � ' . Hence,thesegmentsin & �1�Q� + ����& �
+S��'`� are
pairwisedisjoint.Moreover, thefactthat ��� and � 
 donotintersect�  or � ' and �'�e� – �1� �`�
imply that ��� and � 
 satisfy ��� c	� – �D�
	`� for �  (' . Hence�  ��� � � ' 39�  (' .
Thereforethe sequence� & �'�Q� + ���,�D�%� � � & �
+S��'`� � is an � -monotonesubsequenceof
�  ' . Hence,

(<�'�Q��'`� � (<�'�Q� + �ad�(<�
+S��'`�Gd*c6

Thiscompletestheproofof thelemma.

We cancompute(a�1�Q��'`� usinga dynamic-programmingapproach.We cancomputethe
set �  ' in gY�hOG� time and (<�1�
� '`� in anothergY�jOG� time, assuming(<�'�Q� + � and (<�
+ � ' �
havealreadybeencomputed.Therefore,thetotal timespentin computing(<�'�Q� ' � for all
c&%�� ) '8% �hO d$c	� is gY�hO��&� . Puttingeverythingtogether, weconcludethefollowing.

Theorem1. Givena set � of O segmentsin � _ , all intersectinga commonvertical line,
onecancomputean independentsetof sizeat least � Fa�D��� in time gY�hO � � .

3 A ������� -Approximation Algorithm for Segments

We now presenta fasteralgorithmat theexpenseof a largerapproximationfactor. The
algorithmagaintriesto ®nd a largesubsetof @CAC�D��� thathasa certainspecialstructure,
whichallowsits computationin polynomialtime.Weassumethatall thesegmentsof �
intersectthe � -axisandaresortedin increasingorderby the � -coordinatesof their left
endpoints.Let �>� �D�M�&��
�
�
��
�	� � denotethissequence.Let K  bethe � -coordinateof the
intersectionpoint of �  with the � -axis.
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Fig.2. Thefour typesof
�
-monotonesequencesdescribedin Lemma3.

Lemma 3. Let bN3 � bea subsequenceof pairwise-disjointsegments.Thenthereexists
a subsequenceb 2 2;� �D� � ��
�
�
��
��� � , such that b 2 2i3 b , I b 2 2 I �5I b I � o � , and it hasoneof
thefollowing properties:For all c %!� ) - ,

(L1) �`���  � )5� �D�  �a��� and K  )9K  �a� (Figure2(a)),
(L2) �`���  � )5� �D�  �a��� and K  U9K  �a� (Figure2(b)),
(L3) �`���	 �BU5� �D�	 �a� � and K� )9K= �a� (Figure2(c)),
(L4) �`���	 �BU5� �D�	 �a� � and K� U9K= �a� (Figure2(d)).

PROOF. By Dilworth's theorem,thereexists a subsequenceb 2k3�b of lengthat least
� I b�I suchthat the � -coordinatesof the right endpointsare eithermonotonicallyin-
creasingor monotonicallydecreasing.Again applyingDilworth's theoremto b 2 , one
can ®nd a subsequencebD2 2N3 b 2 of length at least � I b 2 I � I b I � o � suchthat K� for
�  " b 2 2 areeithermonotonicallyincreasingor monotonicallydecreasing.

If bC2 is increasingand b 2 2 increasing(resp.decreasing),thenthesequenceis of type
	 c (resp.

	 � ). If b 2 is decreasingandb 2 2 increasing(resp.decreasing),thenthesequence
is of type

	�

(resp.

	 	 ).
Wereferto asubsequenceof pairwise-disjointsegmentsof � thatsatis®esoneof � 	 c	� –
� 	 	`� propertyasan � -monotonesequence.The following propertyof � -monotonese-
quencesallowsusto computethemef®ciently.

Lemma 4. Let �;2�� ���&�M��
�
�
=�Q� � � be a sequenceof segmentsso that ( � ) one of the
conditions � 	 c	� – � 	 	 � is satis�ed, and ( � � ) �  + �  �a� � 0 for all � . Then �;2 is an � -
monotonesequence.

PROOF. It is clearthat for segmentsof type � 	 c	� – � 	 	 � , two segments�  and � ' , � )
�/' � c&� , cannotintersectwithout either �& intersecting�	 �a� or �=' intersecting��' PS� .
Thereforeif �& ,+ �	 �a� �50 for all � , thenthesegmentsarepairwisenon-intersecting,
andhence� -monotone.

By Lemma4, thesegmentsin any sequencesatisfyingoneof � 	 c	� – � 	 	`� arepair-
wisenon-intersectingif theadjacentsegmentsdonot intersect(SeeFigure2).

Wepresentanalgorithmthat,givenasequence� of segments,computesthelongest
� -monotonesubsequenceof eachtype.By Lemma3, the longestof themgivesan in-
dependentsetof sizeat least ��FG�����8� � o � . We describean algorithmfor computingthe



longest� -monotonesubsequenceof type � 	 c	� . Therestcanbecomputedanalogously.

De®ne � ' to bethesetof segmentssuchthat �%� " � ' if
( � ) + ) ' , ( � � ) � �D�	�C� )5� �D� ' � , ( � � � ) K9�0)fK ' , ( � � ) �	� + � ' � 0 .

Let & �/'`� be the longest� -monotonesubsequenceof � ' of type � 	 c&� that contains� ' .
Set (<�/'`�E�:I & �"'`��I . We wish to compute #"%$ ��� ' ��� (<�/'`� .
Lemma 5. For c&%('8%9O ,

(<�/'`�E�  #"%$. $ / � # (<��+ �Gd*c6


PROOF. Let & �/'`� � �D�	2 ����
�
�
��Q�	2 4�� ' � . Clearly ���	2 �&��
�
�
=�
�	2 4 8 � � 3 � 254 8 � is an � -
monotonesequence,and �%2 4 8 �4" � ' . Therefore(a� ��� PS��� �!7 � c and (<�/'`� % (<�
+ �`d�c
for all �	�*" � ' . Conversely, Lemma4 implies that for any ���*" � ' , the sequence
�1& �
+ � �B� ' � is an � -monotonesequence.Hence,(a�"'`� � (<��+ �Gd*c .

Naively, it takesgY�jOG� timetocomputeeach(<�"' � , providedthat (a��+ � , for all +,) ' , have
alreadybeencomputed.Thisyieldsan gY�hO _ � timealgorithm.We now describeamore
sophisticatedapproachby exploiting geometryto computeeach(<�/'`� in gY�hO � o �G[ \C^ � OG�
time.

Let � 'k����� � ��
�
�
��
�=' � . We compute(<�/'`� sequentiallyfor 'Y� c�
�
�
8O , maintaining
a datastructure � that storesall the segmentsof � ' . Given the segment � ' �<� , the
datastructurereturns  #"%$ . $%/ � #
2�� (a��+ � . Oncewe have computed(a�"'`� , we insert the
segment� ' togetherwith its weight (<�/'`� into thedatastructure.Notethatafterwehave
inserted(<�/'`� , thedatastructurestoresall thesegmentsin theset � ' �a� .

We now describe� , a three-level datastructure,that storesa set � of weighted
segments.For aquerysegment� intersectingthe � -axis,it returnsthemaximumweight
of a segment � in � s.t. � �D�&�4%�� �	�,�-�
� +)�n� 0 , and � intersectsthe � -axisabove � .
The®rst-level is a balancedbinarysearchtree �
�M�D�E� on the � -coordinatesof theright
endpointsof thesegmentsin � . Let � � denotethe“canonical”subsetof segmentsstored
in thesubtreerootedat 7 "����M�D��� . For eachnode 7 , thesecond-level datastructureis
a balancedbinarysearchtree � � �	� � � on �	KM���	�4IC� "�� � � . Let � �� 3�� � denotetheset
of segmentsstoredin thesubtreerootedat � "�� � �	� � � . Finally, for thesetof segments
� �� , we constructa segment-intersectiondatastructure� ��� �� � as describedin [1]. It
storesa family of canonicalsubsetsof � � in a tree-like structure.The total size of
thedatastructureis gY�hO�� o �G[ \C^ � OG� , andit canbeconstructedin gY�jO�� o �,[]\6^ � OG� time.
For a querysegment � , we canreportin gY�hO � o �,[]\6^ � OG� time the segmentsof � �� not
intersecting� asaunionof gY�jO � o � [ \C^3� OG� canonicalsubsets.For eachcanonicalsubset� 3�� �� , westorethemaximumweight ��� of asegmentin

�
. Theoveralldatastructure

� canbeconstructedin time gY�hO�� o �,[]\6^ � OG� .
For a querysegment � , we wish to report  #"�$ (<�D�&� , wherethemaximumis taken

overall segments� of � s.t. � �D�&� %.�`���S� , � +�� �m0 , andtheintersectionpointof � with
the � -axis lies below thatof � . We querythe®rst-level tree �
� with theright endpoint
of � andidentify aset � � of gY�j[ \C^EOG� nodess.t. � � /�� � � � is thesetof segmentswhose



right endpointslie to the left of � �	�,� . Next, for each7$"$�,� , we computea set � _ �'7S�
of gY�h[]\6^iOG� nodess.t. � � /�� � * � + �

�� is the setof segmentsof � � that intersectthe � -
axis below � does.For each � "�� _ �'7S� , we computethe maximumweight � � of a
segmentin � �� thatdoesnot intersect� usingthe third-level datastructure.We return
 "�$ � /�� �� #"%$ � /�� � * � + � � . Thetotal timespentis gY�jO � o �S[]\6^ � OG� .

Finally, we canusethestandarddynamizationtechniquesby Bentley andSaxe [4]
to handleinsertionsin the datastructure.Sincethe datastructurecanbe constructed
in gY�jO�� o �,[]\6^ � OG� time, theamortizedinsertiontime is gY�jO � o �,[]\6^ � �a� OG� . However, in
ourapplications,weknow in advanceall thesegmentsthatwewantto insert– they are
thesegmentsof � . We settheweight of all segmentsto V , andconstruct� on all the
segmentsof � . Whenwewish to insertasegment,we updateits weightandupdatethe
weightof appropriatecanonicalsubsetsat thethird level of � . Omitting all thedetails,
we concludethefollowing.

Theorem2. Givena set � of O segmentsin � _ , all intersectinga commonvertical line,
onecancomputean independentsetof sizeat least Fa�D��� � o � in time gY�hO�� o �S[]\6^ � OG� .

4 IndependentSetfor Arbitrary Segments

Let � bea setof arbitrarysegmentsin � _ . We describea recursivealgorithmfor com-
puting an independentsetof � . Let � be the vertical line passingthroughthe median
� -coordinateof theright endpointsof segmentsin � , i.e.,atmost �hOaL	��� segmentshave
their right endpointson eachsideof � . We partition � into threesets,��� �
��� and �EA .
��� (resp. ��� ) is thesubsetof segmentsthat lie completelyto theleft (resp.right) of � ,
and �EA is thesubsetof segmentswhoseinteriorsintersect� .

We computeanindependentset b A of �EA , andrecursively computeanindependent
set b�� (resp.b�� ) of ��� (resp. �	� ). Sincethesegmentsin �	� do not intersectany seg-
mentsin ��� , b����Hb�� is anindependentsetof �	� �N��� . Wereturneither b A or b����Hb�� ,
whichever is larger.

Supposeour algorithmcomputesanindependentsetof sizeat least 
��hO;�QF � , where
F>� Fa�D�E� . Let O � � I � � I �8O � � I � � I �
F � � FG��� � �-�QF � �5FG��� � � and F A �5FG���EA�� .
Supposethealgorithmfor computingan independentsetof � A returnsa setof sizeat
least � ��F A�� . Then 
��jO;� + � �, #"%$���
��hO � �QF � �Gd

��hO � �QF � �-��� ��F A �Q� �
where F � dWF � d$F A �*F , O � �8O � %fOaL	� , O � �*F � , and O � �fF � . Since
 and � are
sub-linearfunctions,it canbearguedthat
��hO;� + � �, "�$ ��
��hOaL � �
F � F A �=��� ��F A �-�C

It canbeshown thatthesolutionto theaboverecurrenceis
��hO;� + � ��� � F

� []\6^ ����OaLMF���� 

If we cancomputetheindependentsetof �BA in time �=�hOG� , thentherunningtime of the
algorithmis gY���=�hOG�`[]\6^BOG� . If �=�hOG�#�:O ���aR , thenthe runningtime is gY���=�jOG�8� . Hence
we concludethefollowing.



Theorem3. Let
�

beasetof - segments,all of which intersecta commonverticalline.
Supposewecancomputean independentsetof

�
of sizeat least � �DFa� � �8� in time �=� - � .

Thenfor anyset � of O segmentsin � _ , wecancomputean independentsetof sizeat
least � �DF L	� []\6^ ����OaL6F �7� where F � FG����� . Therunningtimeis gY���=�hOG�7� if �=�hOG� �fO ���GR ,
and gY���=�hOG�`[]\6^BOG� otherwise.

Corollary 1. For a set � of O segmentsin � _ , onecancomputean independentsetof
sizeat least( � ) �DF L	� []\6^��
��OaL6F �7� � o
_ in time gY�jO��&� and( � � ) �DF L	� []\6^ ����OaL6F �7� � o � in time
gY�hO�� o �G[ \C^ � OG� .

5 IndependentSetfor ConvexObjects

Wenow brie�y describehow theresultsof theprevioussectionscanbeextendedto ®nd
an independentsetin a setof convex objectsin � _ . Let �m�������	��
�
�
��Q�	��� bea setof
convex objectsin theplane,andlet @ AC�D��� bea maximumindependentsetof � . As for
segments,we describeanalgorithmfor thecasein which all objectsin � intersectthe
� -axis.We canthenusethe approachin Section4 to handlethe generalcase.De®ne
�8�D�	 �� (resp.� �D�& �� ) to bethesmallest(largest) � -coordinateof all thepoints ��"��M . Let
K= bethemaximum� -coordinateof theintersectionof �� with the � -axis.Againassume
that � is sortedin increasingorderof the � -coordinatesof the leftmostendpoints.An
applicationof Dilworth's theoremsimilar to Lemma3 givesthefollowing.

Lemma 6. Givena set bn3 � of pairwisedisjoint convex objects,there existsa subse-
quenceb 2������&�M��
�
�
=�Q� � � , where I b 2 I � I b I � o � and bC2 hasoneof thefollowingstructure:
For all c&%!� ).-

(C1) �`���	 � )5� �D�	 �a� � and K� )9K= �a� (Figure3(a)),or
(C2) �`���  � )5� �D�  �a��� and K  U9K  �a� (Figure3(a)),or
(C3) �`���  �BU5� �D�  �a��� (Figure3(b)).

Sequencessatisfyingcondition ���Hc	� or ���&�6� canbe computedusinga dynamicpro-
grammingapproachsimilar to theonein Section3. We outlinethealgorithmfor com-
putinglongestsubsequencesof type ��� 
 � .

For c7% � ) '�%�O suchthat �	 +$�='W�J0 , let �S ('f3?� denotethe subsequence
of segments � � s.t. ( � ) K� ) K � ) K
' , ( � � )  #"�$ � �8�D�	 ��-� �8�D�='	�-�1) �8�D� � � ) � ��� � � )
 ����S� �`���	 �=��� �D�='&�-� , and( � � � ) �	 &+ � � �m0 and �=' + � � �m0 . SeeFigure3(c).Let & �'�Q��'`�B3
�S ' denotethe longestsubsequenceof type ��� 
 � of �G (' . Set (<�'�Q��'`�l� I & �'�Q� ' ��I . Then
we canprovethefollowing.

Lemma 7. For all c %,� ) '8%9O ,

(<�'�Q��'`�E�- #"%$. $	/ ��0 # (<�'�Q� + �ad�(<�
+S��'`�Gd*c6
 (2)

Wecancompute(a�1�Q��'`� usingadynamic-programmingapproach.Assuming(<�'�Q� + � and
(a��+ ��'`� havealreadybeencomputed,we only needto computetheset �  (' . Supposewe
canpreprocess� in time 
,�D��� sothatwehavethefollowing informationatourdisposal:



(
G c ) �7�D�  �=��� �D�  �-�
K  for each �  "m� , (

G � ) whether �  +�� ' � 0 for each �  �
� ' "*� .
Then the set �  (' canbe computedin time gY�jOG� . Hence,we cancompute(<�ecC�8OG� in
gY�hO � d(
,�����8� time.Pluggingthis procedureinto therecursiveschemeof Section4 we
obtainthefollowing.

Theorem4. Let � bea setof O convex objectsin � _ so that (
G c )-( G � ) canbe com-

putedin 
,�D�E� time. Thenan independentsetof sizeat least �DF L	� []\6^ ����OaL6F �7� � o � canbe
computedin time gY�jO��id 
,�����8� .

� �

� �

�
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�
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(a) (b) (c)

Fig.3. (a) Sequencesof type � ��� � (bold) and � � ,3� (dashed)(b) Sequenceof type � ��� � , (c) �5� �
(solid)

6 Conclusions

In this paperwe have presentedalgorithmsfor approximatingthemaximumindepen-
dentset in the intersectiongraphsof convex objectsin the plane.The approximation
ratio is betterfor thecasewheretheconvex objectsareline segments.

Theoverall structureof thealgorithmsis: givena setof disjoint objects,®rst show
that thereexistsa largesubsetwith somespecial(separator-like) property. Thenshow
thatthissubsetcanbecomputedexactlyfrom amongsttheentireset(weuseddynamic-
programming).Oneabstractapproachtowardsimproving theseresultsis to only ap-
proximatethe subsetin the secondstep,insteadof computingit exactly. This might
allow oneto relaxtherequiredproperties,therebyincreasingits sizeandimproving the
approximationratio.

We leave it asanopenproblemwhethertheapproximationratioscanbeimproved.
In particular, is it possibleto designa

� F -approximationalgorithmfor thecaseof gen-
eralconvex objects(all intersectingaverticalline)?Similarly, is it possibleto approxi-
matetheindependentsetof line segmentsbetterthan

� F . For axis-parallelrectangles,
devising an algorithm with approximationratio � �h[]\6^EOG� remainsan intriguing open
problem.
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