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Abstract. The intersectiongraph of a setof geometricobjectsis de ned asa
graph in which thereis an edgebetweentwo nodes if
. The problemof computinga maximumindependensetin thein-
tersectiongraphof a setof objectsis knawn to be -completefor mostcases
in two andhigherdimensionsWe presenapproximatioralgorithmsfor comput-
ing a maximumindependensetof intersectiongraphsof cornvex objectsin
Speci cally, givenasetof line sgmentsin the planewith maximumindepen-
dentsetof size , we presentalgorithmsthat nd anindependensetof sizeat
least( ) intime and( ) intime
. For asetof corvex objectswith maximumindependentet
of size , we presentanalgorithmthat nds anindependensetof sizeat least
intime ,assuminghat canbepreprocessed
in time to answercertainprimitive operationsn theseconvex sets.

1 Intr oduction

An independensetof a graphis a subsef pairwisenonadjacenhodesof the graph.
The maximum-independent-sptoblemasksfor computinga largestindependenset
of a given graph.Computingthe largestindependensetin a graphis known to be
-completeevenfor mary restrictedcasege.g.planargraphg11], bounded-dgree
graphd19], geometriggraphg20]). Naturally, theattentionthenturnedtowardapprox-
imating the largestindependensetin polynomialtime. Unfortunately the existence
of polynomial-timealgorithmsfor approximatingthe maximumindependenset ef®-
cientlyfor generalgraphds unlikely [12]. However, ef®cientapproximatioralgorithms
areknown for mary restrictedclassef graphs.For planargraphsapproximatioral-
gorithmsexist that cancomputean independensetof sizearbitrarily closeto the size
of the maximumindependenset. Noting that a graphis planarif thereexists a setof
unit disksin the planewhosecontactgyive the edgesof the planargraph[17], anatural
directionis to investigatehe independent-sgiroblemfor the graphsinducedby a set
of geometricobjects.The intriguing questionthereis whether(and what) geometric
natureof objectsaidsin ef®cientcomputatiorof maximumindependenset.Onesuch
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family of graphsarisingfrom geometrimbjectsthathave beenstudiedarethe so-called
intersectiorgraphs.

Givena set of geometricobjectsin  , theintersectiongraph
of is de®nedasfollows: eachnode correspondso the object

and if . A subset is anindependensetin if for
every pair of nodes , . For brevity, we say “independentset
of ” whenwe mean‘independensetof the intersectiongraphof ”. In this paper
we presentapproximationalgorithmsfor the independent-sgiroblemon intersection
graphsof line segmentsandcorvex objectsin the plane.

Besidesthe inherentinterestmentionedabove, independensetsof intersection
graphshave found applicationan maplabelingin computationatartography2], and
frequeng assignmenin cellularnetworks[16]. For example,in themap-labelingprob-
lem,we aregivenasetof labelsof geometrimbjectsandthegoalis to placethe maxi-
mumnumberof labelsthatarepairwisedisjoint. Computingthemaximumindependent
setof thesdabelsyieldsalabelingwith the maximumnumberof labeledobjects.

Relatedwork. Given , let denotea maximumindependensetof theintersec-
tion graphof . De®ne . We will use to denote if isclear
from the context. We saythatanalgorithmcomputesa -approximatiornto if it
computesanindependensetof sizeatleast

For a generalgraph with  vertices,therecannotbe a polynomial-time
approximatioralgorithmwith approximatiorratiobetterthan forary unless
NP = ZPP[12]. Currentlythe bestalgorithmfor a generalgraph®ndsanindependent
setof size [6], where is thesizeof amaximumindependensetin

However, for intersectiongraphsof geometricobjects,betterapproximatiorratios
arepossiblelf is asetof intervalsin , thenthe maximumindependensetof the
intersectiorgraphof canbe computedn lineartime. Computing is known to
be -completeif isasetof unit disksor asetof orthogonalsegmentsin [14].
For unit disksin , a polynomialtime -approximationschemewas proposed
in [13]. For arbitrarydisks,independenthErlebachet al. [10] andChan[7] presented
a polynomialtime -approximationschemeThe abose schemegor computing
independenset of disks use shifteddissection which relies heavily on the fact that
the geometricobjectsare disks. A divide-and-conquetechniqueis usedfor the case
of theintersectiorgraphsof axis-parallerectanglesn the plane,for which Agarwal et

al. [2] presentech -approximationalgorithmin time . If therect-
angleshave unit height,they describea -approximationschemewith running
time . Theseresultshave recentlybeenimproved (andsimpli®ed)

in Chan[8]. Ef®cientalgorithmsareknown for otherclasse®f graphsaswell [3, 5].

In otherrelatedwork [15], it wasshavn thatthe problemof recognizingntersection
graphsof line segmentsj.e.,givenagraph , doesthereexist a setof sggmentswvhose
intersectiorgraphis , is -hard.

Our results. The mainresultsof this paperaretwo approximatioralgorithmsfor a set
of sementsn , all of whichintersectacommonverticalline. We shav thatwe
cancomputet

L All logarithmsin this paperarebase2.



—in time anindependensetof of sizeatleast ~, and
—in time anindependensetof of sizeatleast

Using theseresults,we shav that for an arbitrary set of sggmentsin |, we can
computeanindependensetof sizeatleast

- in time , or
- in time

Finally, we extend our resultsto corvex sets.Namely for a family of corvex
setsin , we cancomputein time anindependensetof sizeat least

, assuminghatcertainprimitive operationgnamelysidednessind
pairwiseobjectintersectiomueries)on theseconvex setscanbe performedby prepro-
cessing in time.

The paperis organizedas follows. In Section2 we describethe ™~ -approximation

algorithmsetof segmentswith averticalstabbingdine, andin Section3 we describethe
-approximatioralgorithm.Section4 shavs how to extendtheseresultsto arbitrary

segmentsandSection5 describeghe algorithmfor convex sets.

2 A -Approximation Algorithm for Segments

Let be a setof line sggmentsin the plane.Let denotethe
- and -coordinatesf a point . Let (resp. ) denotethe -coordinate
of theleft (resp.right) endpointof the segment ,andlet  denotethe slopeof

. We assumehatall the segmentsin  intersecthe -axis.We alsoassumehatthe
sggmentsn aresortedin increasingorderof theirintersectiorpointswith the -axis,

andwe use to denotethis sortedsequence.
We call asubsequence of  -monotongseeFigurel(a))if
- for all .
- for all (calledincreasing -monotone)r for
all (calleddeceasing -monotone).
Lemmal. Let bea subsequencef pairwise-disjointsegmentsTheee existsan
-monotonesequence of sizeat least

Proor. By Dilworth'stheorem9], thereis a subsequence of suchthatthe slopes
of the sgmentsare eithermonotonicallyincreasingor monotonicallydecreasingand
thesizeof isatleast . Sincethesgmentsin arepairwisedisjoint, is -
monotone.

We describean algorithm for computingthe longest -monotonesubsequencef
. By Lemmal, its sizeis at least . Without loss of generality we describe
how to computethe longestincreasing -monotonesubsequencehe sameprocedure
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Fig. 1. (a) Bold sggmentsform anincreasing -monotonesequence(b) in solid (c)
asin theproofof Lemmaz2.

cancomputethe longestdecreasing -monotonesubsequencef , andwe returnthe
longerof thetwo.
Weaddaseggment to suchthatit intersects -axisbelow all thesgmentsof

doesnotintersectary sgmentof for all , andit spansall the other
sgmentsof  (i.e., and for all ). We addanother
similar segment thatintersectghe -axisaboveall theothersegmentsin , does
notintersectary segmentin , and for all

For suchthat and , let denote

thesubsequencef sggments  s.t.

(S1) :
(S2) :
(S3) )
(S4) and
SeeFigurel(b)for anillustrationof . Let denotethelongestincreasing
-monotonesubsequencef . If thereis morethanonesuchsequenceye choosehe
lexicographicallyminimumone.Set . We wish to compute

. Notethatby de®nitionof and ,

Lemma?2. Forall ,
1)

PROOF. Let . Let be the segmentin with the left-
mostleft endpointj.e., forall . Notethat



and . Sinceeachof thesewo subsequencés -monotone

and , and . Therefore
andhence

Corverselylet . By de®nitionof and  (cf. - ), for all

and ,

() ,

() .

() .

() ,and

SeeFigurel(c). As obseredin [18], ( )—( ) imply thattheline supporting does
notintersect and .Indeed()& ( )implythat doesnotintersect or tothe
right of the -axis,and( )& ( )implythat doesnotintersect or totheleft
of the -axis.Since and lie ontheoppositesidesof , they canneitherintersect

eachother, nor canthey intersect or . Hencethesgmentsn are

pairwisedisjoint. Moreover, thefactthat and donotintersect or and -

implythat and satisfy - for . Hence

Thereforethe sequence is an -monotonesubsequencef

. Hence,

This completeghe proof of thelemma.

We cancompute usinga dynamic-programmingpproachWe cancomputethe

set in time and in another time, assuming and

have alreadybeencomputedThereforethetotaltime spentn computing for all
is . Puttingeverythingtogetheywe concludethefollowing.

Theorem1. Givenaset of sementsn ,all intersectingacommonverticalline,

onecancomputean independensetof sizeat least intime

3 A -Approximation Algorithm for Segments

We now present fasteralgorithmat the expenseof alargerapproximatiorfactor The
algorithmagaintriesto ®nd a large subsebf thathasa certainspecialstructure,
whichallowsits computatiornin polynomialtime. We assumehatall the segmentsof
intersecthe -axisandaresortedin increasingorderby the -coordinatesf theirleft
endpointsLet denotethissequencel.et bethe -coordinateof the
intersectiorpointof  with the -axis.
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Fig. 2. Thefour typesof -monotonesequencedescribedn Lemmas3.

Lemma 3. Let bea subsequenaef pairwise-disjoinsegmentsThenthere exists
a subsequence , Sud that , , andit hasoneof
thefollowing properties:For all ,

(L1) and (Figure 2(a)),

(L2) and (Figure 2(b)),

(L3) and (Figure 2(c)),

(L4) and (Figure 2(d)).
Proor. By Dilworth's theorem thereexists a subsequence of lengthat least

~ suchthatthe -coordinatesof the right endpointsare either monotonicallyin-
creasingor monotonicallydecreasingAgain applying Dilworth's theoremto , one
can®nd a subsequence of lengthat least suchthat for
areeithermonotonicallyincreasingor monotonicallydecreasing.
If isincreasingand increasingresp.decreasing}thenthe sequencés of type
(resp. ).If isdecreasingnd increasindresp.decreasingthenthesequence
isoftype  (resp. ).

Wereferto asubsequencef pairwise-disjoinseggmentsof  thatsatis®esoneof -
propertyasan -monotonesequenceThe following propertyof -monotonese-
quencesllows usto computethemef®ciently.

Lemma4. Let be a sequencef sggmentsso that () one of the
conditions - is satis ed,and ( ) forall . Then isan -
monotonesequence
PROOF. It is clearthatfor segmentsof type - , two sggments and
, cannotintersectwithout either  intersecting or intersecting

Thereforeif for all , thenthe sggmentsare pairwisenon-intersecting,
andhence -monotone.

By Lemma4, the segmentsin ary sequenceatisfyingoneof - arepair

wisenon-intersectingf theadjacensggmentsdo notintersect{SeeFigure?2).
We presentinalgorithmthat,givenasequence of segmentscomputeghelongest
-monotonesubsequencef eachtype. By Lemma3, the longestof themgivesanin-
dependensetof sizeat least . We describean algorithmfor computingthe



longest -monotonesubsequencef type . Therestcanbe computedanalogously

De®ne to bethesetof sgmentssuchthat if

0) () () ()
Let bethe longest -monotonesubsequencef  of type that contains
Set . We wishto compute .

Lemmabs. For ,

PROOF. Let . Clearly isan -
monotonesequenceand . Therefore and
for all . Corversely Lemmad4 implies that for ary , the sequence
is an -monotonesequence-ence, .

Naively, it takes timetocomputeesach , providedthat , forall ,have
alreadybeencomputedThisyieldsan time algorithm.We now describeamore
sophisticate@pproactby exploiting geometryto computeeach in
time.

Let . We compute sequentiallyfor , maintaining
a datastructure that storesall the segmentsof . Given the sggment , the
datastructurereturns . Oncewe have computed  , we insertthe
sgment togethemwith its weight into thedatastructure Notethatafterwe have

inserted , thedatastructurestoresall the sggmentsin theset

We now describe , athree-level datastructure that storesa set  of weighted
sgmentsForaquerysggment intersectinghe -axis,it returnsthemaximumweight
of asgment in s.t. ,and intersect¢he -axisabove .
The®rst-level is a balanceddinary searchtree onthe -coordinate®f theright
endpointofthesggmentdn .Let denotehe“canonical’subsebf sggmentsstored
in the subtreerootedat . For eachnode , thesecond-lgel datastructureis
a balancedinary searchtree on . Let denotethe set
of sggmentsstoredin the subtreerootedat . Finally, for the setof segments

, We constructa segment-intersectiomatastructure asdescribedn [1]. It
storesa family of canonicalsubsetsof  in a tree-like structure.The total size of
the datastructureis , andit canbe constructedn time.
For a querysegment , we canreportin time the sggmentsof  not
intersecting asaunionof canonicabubsetsi-or eachcanonicakubset

, westorethemaximumweight  of asggmentin . Theoveralldatastructure

canbeconstructedn time .

For aquerysegment , we wish to report , Wherethe maximumis taken
overall sgments of s.t. , , andtheintersectiorpointof with
the -axisliesbelow thatof . We querythe®rst-level tree  with theright endpoint
of andidentifyaset of nodess.t. is the setof sggmentswhose



right endpointdie to theleft of . Next, for each , We computea set

of nodess.t. is the setof sgmentsof  thatintersectthe -

axisbelov  does.For each , we computethe maximumweight  of a

sgmentin  thatdoesnotintersect usingthe third-level datastructure We return
. Thetotal time spentis .

Finally, we canusethe standardlynamizatiortechniquesy Bentley andSave [4]
to handleinsertionsin the datastructure.Sincethe datastructurecan be constructed
in time, the amortizedinsertiontime is . However, in
our applicationsywe know in advanceall the sggmentghatwe wantto insert—they are
the sggmentsof . We settheweightof all sggmentsto , andconstruct on all the
sgmentsof . Whenwe wish to inserta segment,we updateits weightandupdatethe
weightof appropriatecanonicakubsetat thethird level of . Omitting all the details,
we concludethefollowing.

Theorem2. Givenaset of sementsn , all intersectingacommonverticalline,
onecancomputean independensetof sizeat least in time

4 IndependentSetfor Arbitrary Segments

Let beasetof arbitrarysegmentsin . We describearecursve algorithmfor com-
puting anindependensetof . Let betheverticalline passingthroughthe median
-coordinateof theright endpointof sgmentsn , i.e.,atmost segmentshave
their right endpointson eachsideof . We partition into threesets, and
(resp. ) isthesubsebf segmentsthatlie completelyto theleft (resp.right) of ,
and isthesubsebf sggmentswhoseinteriorsintersect.
We computeanindependenset of , andrecursvely computeanindependent
set (resp. )of (resp. ). Sincethesgmentsin do notintersectary sey-

mentsin is anindependensetof . Wereturneither or ,
whicheveris larger
Supposeur algorithmcomputesanindependensetof sizeat least , where
. Let and

Supposehe algorithmfor computinganindependensetof — returnsa setof sizeat
least . Then

where , , ,and .Since and are
sub-linearfunctions,it canbe arguedthat

It canbe shavn thatthe solutionto theabove recurrences

If we cancomputetheindependensetof  in time , thenthe runningtime of the
algorithmis f , thentherunningtime is . Hence
we concludethefollowing.



Theorem3. Let beasetof segmentsall ofwhichintersectacommorverticalline.

Supposevecancomputeanindependensetof  of sizeat least intime
Thenfor anyset of sementsn , wecancomputeanindependensetof sizeat
least whee . Therunningtimeis if ,
and otherwise

Corollary 1. Foraset of sementdin , onecancomputeanindependensetof
sizeat least( ) in time and( ) in time

5 IndependentSetfor Convex Objects

We now brie y describenow theresultsof the previoussectionsanbeextendedo ®nd
anindependensetin a setof corvex objectsin . Let be a setof
cornvex objectsin the plane,andlet beamaximumindependensetof . As for
segmentswe describeanalgorithmfor the casein which all objectsin  intersecthe

-axis. We canthenusethe approachin Section4 to handlethe generalcase.De®ne
(resp. ) to bethe smallest(largest) -coordinateof all the points . Let

bethemaximum -coordinateof theintersectiorof  with the -axis.Againassume
that is sortedin increasingorderof the -coordinateof the leftmostendpointsAn

applicationof Dilworth's theoremsimilar to Lemma3 givesthefollowing.

Lemma 6. Givena set of pairwisedisjoint corvex objects there existsa subse-
quence , Whee and hasoneofthefollowingstructue:
For all

(C1) and (Figure 3(a)), or

(C2) and (Figure 3(a)), or

(C3) (Figure 3(b)).
Sequencesatisfyingcondition or canbe computedusinga dynamicpro-

grammingapproachsimilar to the onein Section3. We outline the algorithmfor com-
putinglongestsubsequences type

For suchthat , let denotethe subsequence
of sgments  s.t.() , ()
,and( ) and . SeeFigure3(c).Let
denotethe longestsubsequencef type of . Set . Then

we canprovethefollowing.

Lemma 7. For all ,
2
We cancompute usingadynamic-programmingpproachAssuming and

have alreadybeencomputedywe only needto computetheset . Supposave
canpreprocess intime sothatwe havethefollowing informationatour disposal:



() for each , () whether for each .
Thentheset  canbe computedin time . Hence,we cancompute in

time. Pluggingthis procedurento therecursve schemeof Section4 we
obtainthefollowing.

Theorem4. Let beasetof cornvex objectsin sothat( )-( ) canbecom-
putedin time Thenanindependensetof sizeat least canbe
computedn time

@) (b) (©

Fig. 3. (a) Sequencesf type (bold)and (dashed)b) Sequencef type , (€)
(solid)

6 Conclusions

In this paperwe have presentedilgorithmsfor approximatinghe maximumindepen-
dentsetin the intersectiongraphsof corvex objectsin the plane.The approximation
ratiois betterfor the casewherethe corvex objectsareline sgments.

Theoverall structureof the algorithmsis: givena setof disjoint objects ®rst shav
thatthereexists a large subsetwith somespecial(separatotik e) property Thenshowv
thatthis subsetanbecomputedexactlyfrom amongsthe entireset(we useddynamic-
programming).One abstractapproachtowardsimproving theseresultsis to only ap-
proximatethe subsetin the secondstep,insteadof computingit exactly. This might
allow oneto relaxtherequiredpropertiestherebyincreasingts sizeandimproving the
approximatiorratio.

We leave it asanopenproblemwhetherthe approximatiorratioscanbeimproved.
In particularis it possibleto designa ~-approximatioralgorithmfor the caseof gen-
eralcorvex objects(all intersectinga verticalline)? Similarly, is it possibleto approxi-
matetheindependensetof line segmentsbetterthan . For axis-parallelrectangles,
devising an algorithm with approximationratio remainsan intriguing open
problem.
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